Journal of Thermal Engineering, 12(6), 2026

3k
YTUP

Journal of Thermal Engineering

https://jten.yildiz.edu.tr/
https://doi.org/10.47481/jten.0084

THERMAL
ENGINEERING

RESEARCH ARTICLE

Statistical analysis of magnetohydrodynamic Darcy-Forchheimer Sisko hybrid nanofluid
flow over a bilinear stretching sheet with heat and mass transfer effects

K. Nirisha' “&, V. Nagaradhika®> ", Manjunatha S.3

Department of Mathematics, GSS, GITAM Deemed to be University, 530045, Visakhapatnam, India
*Department of Mathematics, Sir M Visvesvaraya Institute of Technology, 562 157, Bengaluru, India
*Department of Mathematics, Sir M Visvesvaraya Institute of Technology, 562 157, Bengaluru, India

Abstract

In this work, as a model for manufacturing coating processes, the thermal and solutal magnetohydrodynamic (MHD) flow of a Sisko hybrid
nanofluid (AA7072 and AA7075 nanoparticles dispersed in methanol) over a bilinear stretching sheet next to a porous medium is investigated.
The model includes Forchheimer inertial drag effects, heat source, chemical reaction, and thermal radiation. The study also considers boundary
conditions for convective heating. Using similarity transformations, a system of nonlinear ordinary differential equations is derived from the
original nonlinear partial differential conservation equations. This system is solved with transformed boundary conditions using the MATLAB
bvp4c solver, and the results are verified for consistency and reliability. Graphical representations are used to examine the effects of several
control parameters, such as the Sisko fluid parameter, radiation parameter, magnetic field parameter, Forchheimer parameter, and Schmidt
number, on the transport characteristics. Using response surface method (RSM), we calculated the Nusselt and Sherwood numbers and the
skin-friction components on the stretching surface. The results are confirmed using specific cases from previously published studies. According
to the results, an increase in the Sisko fluid parameter increases the velocity profile, while it decreases the temperature and concentration pro-
files. Furthermore, increasing the magnetic-field parameter increases the velocity boundary-layer thickness. R’ value using Sherwood number
and adjusted R” were equal to 100%. This study sheds light on the dynamics of nanofluids in MHD systems, which have significant consequences
for energy generation, electronic cooling, processing of magnetic materials, and other areas of chemical and biomedical engineering that rely
on enhanced heat transfer.
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1. Introduction lubricants, paints, ketchup, emulsions, medications, tooth-

paste, grease, personal care items, biological fluids, mud, and

The intricate rheology of fluids has prompted several research-
ers in the field of contemporary technology to investigate
methods for analyzing these fluids. Because their properties
differ markedly from those of Newtonian fluids, these fluids
have extensive applications in engineering processes and
industries. These fluids are known as non-Newtonian fluids
because their relationship of stress to strain rate is nonlinear.
Many commonplace items have fluids that do not behave like
Newtonian fluids. These include foodstufts, molten plastics,

many others. Investigating the thermophysical characteristics
of these fluids is crucial because of their diverse nature and
many applications in industry, mechanics, and biology. The
properties of non-Newtonian fluids are described by the pow-
er-law fluid model; however, many other models have been
proposed in the literature for studying these fluids. In regions
with high shear rates, however, the power-law fluid model
cannot be used to analyses fluid properties. Sisko introduced
the Sisko fluid model in 1958 to address this constraint. The
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Sisko model can be used to investigate pseudoplastic and dilatant
properties of fluids. This is an extension of both the Newtonian and
power-law fluid models that incorporate three parameters. Sisko
studied suggested framework [1], over convective boundary con-
ditions using lubricating grease. Torikul et al. [2], investigated the
heat transmission process of a stretchy Sisko fluid while considering
the impacts of porous media and a magnetic field. An increase in
Sisko fluid has little impact on the velocity distribution. A thorough
numerical analysis of the mass and heat transfer properties in Sisko
nanofluid flow over a porous stretched sheet subjected to an inclined
magnetic field was conducted by Manoj et al. [3]. The motion of
mass and heat in non-Newtonian Sisko fluids when they travel over
a bi-directionally stretched heated substrate in three dimensions,
which include the MHD effect and heat radiation, is investigated
by Sohail et al. [4]. The intriguing dynamics of a magneto-Sisko
fluid in two dimensions were examined by Adilakshmi et al. [5]
using heat production and nonlinearly stretchy sheet embedded in
a porous medium as their models. Whenever the Sisko parameter is
increased from 1.0 to 2.0, the velocity increases by 20%, while the
temperature and concentration profiles decrease by 8% and 10%,
respectively. Using an electromagnetically inclined sheet, Shakhil et
al. [6] describes the convective flow of Sisko fluid. Fluid mobility
is reported to have been improved due to the Sisko fluid proper-
ties and stronger electromagnetic fields. In their study, Bhanu et al.
[7] viewed the three-dimensional steady state flow of MHD for a
Sisko nanofluid. An increase in the magnetic parameter improves
the temperature profile and reduces the velocity. The hybrid nano-
fluid, consisting of had aluminum alloy nanoparticles AA7072 and
AA7075 within a methanol base fluid, was investigated by Abbas et
al. [8]. Shanmugapriya et al. [9] investigated thermal energy trans-
fer using nanoparticles of AA7072 and AA7072 + AA7075 alloys
suspended in H,O-based nanofluid or hybrid nanofluid flowing
across a non-linear porous stretching sheet. Bhagyashri and Ashish
[10] investigated the effects of slip states, thermal radiation, chem-
ical reactions, and Cu-AA7075-AA7072/methanol trihybrid nano-
fluid flow over a spinning disc. Based on their consideration of heat
sources and heat flux, Farooq et al. [11] examine the rates of heat
transfer in hybrid nanofluid flows of (AA7075-AA7072/Methanol).
As the thermal radiation parameters and Biot numbers increase, the
temperature profiles also increase. Salhi et al. [12-18] analyze nu-
merically the natural convection of nanofluids such as Al,Os3, SiO»,
TiO,, Cu, Ag, Al, Cu, and AL,O; nanoparticles suspended in pure
water with various geometries.

Zafar et.al [19] examined the effect of heat on 2D MHD bound-
ary layer flow over a stretched sheet embedded in a porous medi-
um. Using chemical manufacturing facilities and porous media,
three-dimensional flow on a bilinearly expanding surface was stud-
ied by Padamavathi et al. [20-21]. In addition to other mass- and
heat-transport phenomena, the impacts of thermal radiation and
heat sources/sinks were examined in this study. The heat and mass
transfer in 3D mixed-hollow-Darcy-Forchheimer bio-convection
caused by Casson nanofluids passing through a stretched sheet was
studied by Elhag [22]. As the magnetic and Forchheimer parame-

ters increase, the velocities decrease. Nanofluid flow over a stretched
surface with heat flux is studied in three dimensions by Zhang et al.
[23] using the upper-converted Darcy-Forchheimer Maxwell model.
Chemical processes, radiation, magnetic fields, Darcy-Forchheimer
effects, heat production, and ferrofluid flows across a nonlinear
stretching sheet were studied by Manjunatha et al. [24]. R? values for
the output responses of derived quantities approached 1.0, showing
high predictive accuracy of the statistical model. In a porous media
that was stretched bilinearly, Manjunatha et al. [25-26] explored
the thermal behavior of a Casson hybrid nanofluid. The impacts
of a volumetric heat source/sink, chemical processes, and thermal
radiation are multi-faceted. A decreasing concentration profile is
associated with decreases in the chemical reaction parameter and
the Schmidt number. The unstable mixed-mode high-pressure flow
of a tetra hybrid nanofluid in a non-Darcy porous stretched cylinder
is studied by Amudhini and Poulomi [27]. Furthermore, slip effects,
chemical reactions, and heat generation are all factors to consider.
The 3D Williamson fluid flow across a slip bidirectional extended
flat horizontal surface is suggested in this dissertation and is investi-
gated by Nasir et al. [28]. Raising the magnetic parameter causes the
fluid flow to decrease. According to Veera Krishna [29-30], hybrid
nanofluids may be considered when applied to a vertical porous sur-
face that is experiencing exponential acceleration. It considers the
Hall and ion-slip effects in the context of slip velocity in a rotating
frame. The Sisko stretching surface bio-nanofluid flow in the pres-
ence of non-linear heat radiation was investigated by Eid et al. [31].
The effect of heat radiation on nanoparticle-laden Sisko nanofluid
flow towards a stretched surface is studied by Hassan et al. [32]. The
results show that the velocity profile decreases as the velocity-slip
parameter increases. The Sisko slip bilinear stretching sheet was
considered by Jyothi et al. [33]

2. Details of Sisko fluid rheological model

For a simple shear flow, the shear stress T is related to the shear rate
Y by

T=ay+by"
Parameters:
. T = Shear stress
. _|.0 .
. Y= ‘a—; ‘r Shear (strain) rate
. a: Newtonian viscosity coefficient (high-shear viscosity)
. b: Consistency index (non-Newtonian strength)
. n: power-law index

n<1: shear-thinning fluid
n=1: Newtonian fluid
n>1: Shear-thickening fluid

The clear viscosity L., is

Mo = 2+ bY™!


http://et.al

Nirisha, et al.

2071

This shows that viscosity depends explicitly on the local strain rate

The extra stress tensor T is written as

T= [a+b<1/ %AI:Al )nrl]Al

Where,
. A, = Vv +(Vv) is the first Rivlin-Ericksen tensor,

. 4/ %Alel is the effective shear rate.

After non-depersonalization the momentum equation typically in-
troduces a dimensional Sisko parameter B:

_ bU!
B= aly!
Where,

U, characteristic velocity, L: Characteristic length.

This parameter measures the size of non-Newtonian effects com-
pared to Newtonian viscous effects.

The current findings are pertinent to practical systems that involve
magnetic nanofluid transport, including thermal management de-
vices, processing of porous materials, and energy conversion sys-
tems. Understanding how non-Newtonian behavior, magnetic con-
trol, and heat generation affect each other can help you improve the
performance of industrial heat and mass transfer operations. The
current model has theoretical significance and contributes to the
development of advanced cooling and energy-efficient engineering
systems.

This research fills a gap in literature by adopting a novel approach to
a previously unstudied topic: the impact of several intricate, physi-
cally relevant phenomena on the flow of Sisko hybrid nanofluid over
a bilinear stretching sheet. This research is unusual in that it includes
the combined effects of heat and mass flow models, Darcy-Forch-
heimer effects, thermal radiation, magnetic fields, chemical process-
es, and heat production, rather than earlier efforts, which focus on
isolated effects or simpler nanofluid models. To perfect current ther-
mal management methods, it is necessary to understand flow behav-
ior, thermal enhancement, and mass transfer. This may be achieved
by using this comprehensive modelling approach in conjunction
with a numerical solution that offers new insights into these areas.
The nonlinear, coupled partial differential equations must first be
reduced to ordinary differential equations (ODEs) using similarity
transformations. We use the MATLAB bvp4c solver to compute the
solutions. Tables and figures illustrate the effects of critical factors
such as speed, temperature, concentration, and derived quantities.
Using the response surface approach, the calculated shear stress and
heat- and mass-transfer rates are examined.

3. Mathematical formulation

Here, a 3D MHD Sisko nano liquid is considered, together wath a
stretching sheet defined by Uw = lc_l’ét velocities and Vw = 1_"ét.
Methanol is the base fluid of this nanofluid, which is composed of
AA7072 and AA7075 nanoparticles. Figure 1 illustrates these situ-
ations. It is clear from observation that u stands for the speed along
the x-axis, where ¢, > 0 means the stretching rate, and v stands for
the speed along the y-axis, where d > 0 means the stretching rate.
The z-axis is the only degree of freedom available to the fluid, and
it stays perpendicular to the surface. The data suggests that the na-
no-liquid has a higher temperature near the surface of the sheet. In
addition, a magnetic field is B applied from outside the system along
the y-axis. Both the applied electric field and the induced magnetic
field are disregarded. Furthermore, cross-diffusion effects (Soret
and Dufour) are neglected, and the porous medium is assumed to
be homogeneous and isotropic. Table 1 provides detailed informa-
tion on the thermophysical properties of the nanoparticles and the
base fluid. Given these assumptions, we may write the governing
equations as Equations. (1)- (5), which include momentum, energy,
and concentration variables, and account for variations in thermal
conductivity and viscosity. [33, 24]

Nano particles

/o

Figure 1. Geometry of the problem

U +v,+w,=0 (1)

_ Mbar b .\ OwmeB3 G
Ul + VU + W, =5 (n(T)Hu,), - O ((-w)),- o U- JK u

(2)

uvx+vvy+wvz=%mmv»z-%((-u»*)zvz-"g#?ﬁv-%vz

(3)

WT, 4 VT, + W, = —S (R(T)T,) - —L(q.) + — 2 (T-T.)
(0C; )ue (0Cy )t (0Cy )t

(4)

uC, +vC, +wC, = D;,C,-K,(C-C..) (5)
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All parameters are defined in the notation section. The final terms
in the momentum Equations (2) and (3) denote the Forchheimer
inertial drag forces, and the penultimate terms denote the Lorentz
magnetic body forces in the x and y directions. In the energy Equa-
tion (4), the penultimate term is the radiative heat flux term (Ros-
seland model) and the final term is the heat source/sink term. In
the species diffusion Equation (5), the final term is the first-order
homogeneous destructive chemical reaction term. We employ the
Rosseland algebraic approximation.

By using Rosseland approximation,

q.= 451, ©)

The Rosseland diffusion approximation assumes that the hybrid
nanofluid medium is optically thick. In this case, radiative heat
transfer occurs primarily by diffusion because the nanoparticles
increase the medium’s absorption of heat. The absorption coefficient
is considered a useful, constant thermophysical property of the
nanofluid.

Approximating with Taylor’s Series, T* = 4T%.T - 3T%, Equation
(4) changes to,

Kine (
uT, + vT, + wT, = K(T)T,),- + T-T.
’ (pCP)hnf ( ( ) ) ' )

Qo
T,
K T (oCor

3(pC ).'

The related boundary conditions are,

C1X

1y
Btvz,w 0, T = T+1 Bth,

d,
_ C1X
u_UW+1—BtuZ’ VW+l

i X

C=Cut 123G (2=0)

u~-0v—->0T-T.,C—C. (8)

The above nonlinear dimensional partial differential equation
boundary-value problem, defined by Equations (1), (2), (3), (5) and
(8) with boundary conditions (8), can be made into a nonlinear or-
dinary differential equation boundary-value problem by virtue of
the following madding transformations:,

ciX

YT pt fr(n)v = f_;}gltg'(ﬂ),n = Z( C";pf )mxf;—'r‘.(l _ Bt);‘—fl
W:_Cl(cn;pf>ﬁ(n+1f(n)+ﬂ< )f'(n)+g(n))xun(1 Bt)R

B(n) = = d(n) = =

9)

Thermophysical characteristics for nanoparticles are computed with
the following modified Tiwari-Das volume fraction relations: [34]

Thermophysical properties of hybrid nanoparticle and base fluid
(methanol) are provided in

Ot = (1-¢2)[(1-d1)pe+ drpal+ ¢200
_ e
Whnf = (1 - Cbl)z_s(l - (b2)2.5>

Ghnf Gsz + 26nf - 2(1)2 (an - 652) an

0u+20:-20,(0r- 04
Ont 652+26nf+d)2(6nf'652), Or — Osl+26f+d)l(6f'651))
(0Cp ) = (1- G2)[(1-d1)(0C, ) + b1 (0Cy), ]+ b2 (0Cy ),

(0B e = (1 - G)[(1-d1)(oB):+ i (0B ]+ b2 (0B
T Ko+ 2k - 200 (k- ko) kg kot 2Kki- 26 (ki - k)

knf - k52+2knf+(b2(knf'ksz)’ kf h k51+2kf+d)1(kf'k51),

(10)

Table 1. Thermophysical characteristics of nanoparticle base fluids

[35]
Base fluid Ferro particles
Methanol AA7075
p (kg/m’) 792 2720 2810
C,(1/kgK) 2545 893 960
K(W/mK) 0.2035 222 173
¢ (Um”) 05x10° 34.84x 10° 26.77 x 10°

Here all parameters are defined in the nomenclature. The emerging
dimensionless governing equations (wherein mass conservation is
automatlcally satisfied) assume the forms

B((l+89)f”(n)+89(n)f(ﬂ)) A =(-£'(n) () -

+( 20 g + g() )£'(0) - (1 + ()7 = 0

Mf(Tl)

11)

AEB((1+€0)g"(m) + e0/(n)g"(1) - R () P (Wg'(n) - M)

H( 228 + () )g' () - (1 +EDg(n)* =0

A (12)
A ((1+e0)6"(n) +eb'(m) + 2~

07 + Pr( S22 A(n) + (1) )0'Cn)

P ()O() + T4 2 07) = 0 (13)

$"(n) - SeKrd (1) - Se (M F(M) + Se( S22 £(n) +g(m) )d'(n) = 0
(14)

The dimensionless boundary conditions become:

f(0) = Vo, £(0) = 1+ Af'(0), g'(0) =1+vg"(0), g(0) =0, 6(0) =1+ B6'(0),

$(0) =1+84'(0), f(o0) = 0, g'() = 0, () = 0, () ~ 0
(15)

Here the following dimensionless parameters arise:

o BT = AT v (LB (8 e

v <1dlBt>Re‘?”’

g:< 1 let )Z (TReg;m) B= <1 Bt )2 (CRenTC1 )’ Fr = lep( I;IBt )2’
ke= (157 ) Q= gy pe= 16)
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The following essential parameters in this domain can be described: A, ,
the skin-friction coefficients in the x and y directions, the local Nus- N EMH& ( n+ 1 W+ llf4)11f3 +(1+Fr) W3- B’EW e
selt number (Nu), and the local Sherwood number (Sh). T TB(I + W) - An W)
o 2o 2T, _ XQu X ’ ’ (20)
Cf = PRV Cg= Vz , Nu = =T =~ T, |, Nu= —mcz |- .
(17) MY - (5221 + W)W, +(1+Fr)11fz RBWL Y+ B (W),
Where, T, = (a+b|u,["")u, 1, = (a+b|v,|"")v, (21)
TREFTCE = BF(0) -[(-(0)) ', Re™Nu = -6/(0), PrQ N
1. o Vor. w o -Pr U+ V)V +Pr VW, - —/—W¥ “ellf
ZRefTCg = 11 Ag'(0) +[(-£(0))"'g"(0) '}, Re™TSh = -4'(0) ' = Exand ) : - - :
(18) Ts(l +8W7)+T (22)
4. Numerical procedure
Wm‘ = SCKI"LIJ‘Q + SCWQWZ - S ( n+1 W] + 11]‘4)11; (23)

Exact solutions for the boundary value problem defined by Equa-
tions (11)-(14) under boundary conditions (15) are intractable due
to coupling and non-linearity. Therefore, the use of a numerical
method is necessary. The MATLAB-based BVP4C approach for
first-order first value problems is useful. First, the multi-degree,
multi-order differential equations are reduced to first order to ease
solving the equations (11)-(14). Appropriate substitutions are de-
ployed, and a shooting technique is used in BVP4C as follows [36].

f(n) =W, f(n) =W, f'(m) =T, f"(n) = T3,
gn =", gn)="; g'(n) =", g"(n) =V,
() =", 0'(n) =W, 0"(m) = Vs,

d(m) =W, d'(m) =W, ¢"(m) = V',

(19)

Wo(1) = Vi, Wo(2) = 1+ AW (3), Wo(5) = 1 +1W(6), Wo(4)
=0, V(7) =1+ EW,(8),
W(9) = 1+ BW,(9), W,(2) » 0, ¥, (5) — 0, ¥, (7)

-0, ¥,(9~0 (24)

The code is confirmed against previously published computations
reported by Jyothi et al. [33] for M (magnetic interaction parameter)
and B (Sisko parameter) values in the absence of Fr (Forchheimer
effect) and Q (heat source/sink). The outcomes -f”(0) for axial skin
friction are well matched, as saw in Table 2, and confidence in the
MATLAB BVP4C procedure is therefore justifiably high.

Table 2. Skin friction comparison for ¢, M, Pr and B. Pr=28, R=0.5,Kr=0.1, =y = A = V, = 0.5.

Parameters

[} M B
0.01 0.5 1
0.05 0.5 1
0.1 0.5 1
0.01 0.8 1
0.01 1.2 1
0.01 0.5 1
0.01 0.5 2
0.01 0.5 3

£ (0)

Jyothi et al. [33] Current work Percentage error
0.64368 0.64372 0.00621 %
0.46756 0.46751 0.01070 %
0.25719 0.25724 0.01740 %
2.85496 2.85488 0.00280 %
4.52842 4.52850 0.00177 %
2.92436 2.92441 0.00171 %
1.92671 1.92666 0.00259 %
1.51711 1.51705 0.00396 %
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5. Result and discussion

— f'0)
0.7 f, -=== g'(n

(), g'(n)
o o o
S (3,1 [=>]

o
w

02

017

- o
~ -

0(n)

B(n)

35 4

Figure 2. Influence of Sisko fluid parameter on (a) radial and
transverse velocity, (b) temperature and (c) concentration

A graphical representation of material characterization proving the
relationship between fluid velocity and the Sisko fluid parameter is
shown in Figure 2(a). As proved in the illustration, both parameters
are correlated, which may be attributable to the inverse relationship
between the material parameter (B) and viscosity. Results from this
study suggest that decreasing fluid viscosity, extension, and resis-

tance to fluid motion raises the Sisko parameter. This causes a rise
in fluid velocity. The effect of the material property, represented by
the Sisko fluid parameter B, on the fluid temperature and concentra-
tion is shown graphically in Figure 2(b-c). A Negative relationship
between increases in B and decreases in fluid temperature and con-
centration appears to be the observed trend. Increasing the Sisko
parameter reduces the effective viscosity in shear-thinning regimes;
this reduction enhances flow velocity but simultaneously diminishes
viscous dissipation. The reduced internal friction lowers heat gener-
ation, while stronger convection enhances heat removal, leading to
an overall decrease in temperature.

(). 9'(m)

0.5 1 15 2 25 3 3.5 4

0.8

0.7

0.6

f(m), 9'(n)
o o o o
N w £ (5,

o
o

Figure 3. Influence of velocity on (a) magnetic parameter and (b)
Darcy-Forchheimer

As the value of the magnetic parameter increases, the dimensionless
velocity of the nanofluid decreases, as shown in Figure 3(a). The
combination of an electric current and a magnetic field creates a
Lorentz force that reduces fluid velocity. This impact is amplified by
increasing magnetic parameters, which further reduce fluid velocity.
The thickness of the velocity boundary layer is almost unaffected
by a decrease in velocity, since it is governed by the ratio of iner-
tial to viscous forces in the fluid, which is unaffected by changes
in magnetic parameters. Hence, the velocity was reduced by the
Lorentz force without affecting the boundary-layer thickness. The
interactions between AA7072 and AA7075 nanoparticles are fur-
ther influenced by the viscosity and other distinctive rheological
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characteristics of the hybrid nanofluids. Magnetite, when subjected
to magnetic fields, offers further control over the rheological behav-
ior of the fluid via the magneto-rheological effect, while AA7072
imparts shear-thinning behavior and increases viscosity. Taken as
a whole, these features affect the flow dynamics and dimensionless
velocity of these nanofluids, which in turn affect their response to
magnetic fields. The velocity profile for a Darcy-Forchheimer flow,
plotted against the dimensionless variable, is shown in Figure 3(b).
The velocity decreases beyond the point of loss of stability at a trans-
verse velocity of 1, while it increases within the range of 0 to 1. The
velocity profile becomes flatter as Fr rises. The thickness within the
boundary layer decreases as Fr rises. This action is helpful when
reducing wall drag is necessary. Overall, the Forchheimer param-
eter (Fr) is the nonlinear drag characteristics of a porous medium.
Increases in the Forchheimer parameter (Fr) are expected to lead to
more energy dissipation owing to inertial effects, which is consis-
tent with the observed drop in velocity. This behavior aligns with
the findings of Jyothi et al. [33] and Sohalil et al. [4], both of whom
noted a velocity increase corresponding to a rising Sisko parameter.
The current findings augment their research by incorporating Dar-
cy-Forchheimer resistance and the effects of hybrid nanoparticles.

0.8

2 25 3 35 4

0.7

0.6

05

04

0(n)

03 Q=0.3,0.6,09

0.2
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0.6

05

0.4

S$c=06,0.7,0.8

02r

011

06

05

041

Kr=15,2,25

02r

01r

Figure 4. Influence of temperature effect on (a) thermal radiation
(b) heat source

The rise in Figure 4(a), which depicts temperature fluctuations for
different values of the radiation parameter R, shows an increase in
temperature. A higher value of the radiation parameter (R) leads to
an elevated temperature profile. The rising relative importance of
radiative and convective heat transport causes this effect to materi-
alize. One of the most important mechanisms for raising tempera-
ture is radiative heat transfer, because it does not require a physical
medium. An increase in R steepens the boundary-layer tempera-
ture gradient and thereby thickens the boundary layer. Radiative
heat transfer plays an increasingly large role in the system as the
radiation parameter (R) increases, leading to increased temperature.
Improvement in thermal dispersion is observed as the heat genera-
tion parameter increases (Figure 4 (b)). It measures the amount of
heat is produced per unit mass or per unit volume of the fluid. Q is
a measure of the fluid’s internal heat production, which affects its
flow behavior and temperature distribution. The rise in temperature
caused by thermal radiation aligns with earlier numerical studies on
radiative nanofluid flows [13, 24], confirming that radiation increas-
es thermal boundary layer thickness.
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Sc=06,0.7,08

(a)

Kr=15,2,25

Figure 5. Influence of concentration on (a) Schmidt number and (b) chemical reaction

Figure 5(a) shows effect of the Schmidt number Sc on the distribu-
tion of concentrations. Mass diffusivity is low for large Sc values. A
mathematical representation of fluid flow is obtained by expressing
the Schmidt number as a dimensionless ratio relating mass diffusiv-
ity to momentum diffusivity. In physical terms, these two concepts
are known as the mass-transfer layer and the hydrodynamic-thick-
ness layer, respectively. A reduction in the concentration field and
an increase in the Schmidt factor result from decreased mass diffu-
sion. Figure 5(b) proves properties of the chemical reaction and its
impact on concentration. Raising this parameter causes a decrease
in the nanofluid concentration. The decrease in concentration as
the Schmidt number rises corresponds to proposed transfer of mass
theory and corroborates earlier hybrid nanofluid research [18,26].

6. Response surface method

Response Surface Methodology (RSM) is an excellent tool for de-
ciding on empirical relationships among several constraints. Its
capacity to analyses how input elements influence output makes it
extremely useful for the evaluation of multivariate processes. The

impact of skin friction, Sherwood number, Sc, Kr, B, Nusselt num-
ber, R, and Q was investigated in this work, using RSM. M, Fr, and
B are the parameters being examined. Tables 3, 7, and 10 show the
results of a three-level variation in the input parameters within the
stated ranges. [30-31]

After choosing the inputs, a statistical model was built and run 20
times, as shown in Tables 4, 8, and 11. To show the interaction be-
tween inputs and solution, a second-order multinomial is used.

A second order polynomial was used to construct the model with
intercept represented by J, the linear ], the quadratic ], and the
interaction J. The regression coefficients show the correlation be-
tween the input parameters; this correlation affects the terms. To fit
this polynomial, the CCD is employed. This configuration allows
20 runs. Design architecture eases more efficient factor space ex-
ploration and makes it simpler to estimate the polynomial model’s
regression coefficients.

Table 3. Impacts of different Skin friction parameter settings

Parameter Symbol
5<M<15 w,
05 < Fr <55 w,
05 =B = 35 W

Level
-1 0 +1
5 10 15
0.5 3 5.5
0.5 2 3.5

Cf=Jo+] M+ LFr+]:B+JuM*+ JuFr’ + JuB* + JuM*Fr+ JsM * B+ ], Fr* B
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Table 4. A CCD-based investigative approach

Runs W Code‘(:v values w
1 2 3
1 -1 -1 -1 5
2 1 -1 -1 15
3 -1 1 -1 10
4 1 1 -1 5
5 -1 -1 1 10
6 1 -1 1 10
7 -1 1 1 10
8 1 1 1 10
9 -1 0 0 10
10 1 0 0 15
11 0 -1 0 10
12 0 1 0 10
13 0 0 -1 15
14 0 0 1
15 0 0 0
16 0 0 0 10
17 0 0 0 15
18 0 0 0 5
19 0 0 0 15
20 0 0 0 10

Real values
Fr
5.5
5.5
3
0.5

3.5
3.5
0.5
0.5

3.5
0.5
0.5

Response
Cf Cg
2.59499 3.46355
2.74877 3.75561
0.324217 0.455028
0.329646 0.429432
1.29696 1.81994
1.29316 1.82919
1.29696 1.81994
2.26969 3.18485
1.29696 1.81994
1.5677 2.13801
1.30064 1.81469
1.29696 1.81994
0.392651 0.536548
2.30771 3.00553
1.33041 1.70799
1.29696 1.81994
2.73811 3.72698
0.370671 0.494862
0.391129 0.532459
1.29696 1.81994

Cf = 1.2918 + 0.0905M + 1.0851B + 0.1649M" + 0.0626M * B

The suggested model is confirmed by analysis of variance (ANOVA)
to ensure that it is applicable and has real-world implications. The
outcomes are shown in Table 5. A given parameter is significant if
its p-value is < 0.05. In other places, they aren't given much thought.

The variables B, M’, Fr’, M*Fr, and Fr*B do not appear to be rele-
vant. A score of 99.64% shows that the model is correct. This finding
is based on examination of the data: the x-axis values for skin fric-
tion correspond to the input values (M, Fr, and B).

Table 5. ANOVA of Cf
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Degrees of Adjusted sum of

Adjusted mean

Source freedom squares squares F-value p-value Coefficient
Model 9 12.0842 1.3427 308.50 0.000
Linear 3 11.8683 3.9561 908.96 0.000 1.2918
M 1 0.0819 0.0819 18.82 0.001 0.0905
Fr 1 0.0121 0.0121 2.78 0.126 0.0348
B 1 11.7743 11.7743 2705.29 0.000 1.0851
Square 3 0.1639 0.0546 12.55 0.001
M*M 1 0.0748 0.0748 17.18 0.002 0.1649
Fr*Fr 1 0.0004 0.0004 0.10 0.755 0.0127
B*B 1 0.0005 0.0005 0.10 0.754 0.0128
Iné;:gfi’;n 3 0.0520 0.0173 3.98 0.042
M*Fr 1 0.0125 0.0125 2.87 0.121 -0.0395
M*B 1 0.0313 0.0313 7.20 0.023 0.0626
Fr*B 1 0.0082 0.0082 1.87 0.201 0.0319
Error 10 0.0435 0.0044
Lack-of-Fit 5 0.0435 0.0087 * *
Pure Error 0.0000 0.0000
Total 19 12.1277
Residual Plots for Cf
MNormal Probability Plot Versus Fits
* oio{ *®
L ]
_ %0 8 [ _00s P .
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Figure 6. Residual versus observation for Cf

Cg = 1.81 + 0.1588M + 1.4688B + 0.1278M* + 0.1086M * B

We employ analysis of variance (ANOVA) to ensure that the given
model is useful, and its effects are meaningful in real-world contexts.
The findings are shown in Table 6. If the p-value of a parameter is
less than 0.05, the parameter is considered important. They are not
considered important elsewhere. The variables Fr, Fr’, B>, M*Fr, and

Fr*B do not appear to be relevant. A score of 99.71% proves that
the model is correct. This finding results from an examination of
the data: the y-axis values of skin friction are related to the input
variables (M, Fr, and B).

Table 6. ANOVA of Cg

Degrees of
freedom

Adjusted sum of
squares

Source

Adjusted mean

F-value p-value Coeflicient

squares
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Model 9 22.1340 2.4593 388.69 0.000
Linear 3 21.8559 7.2853 1151.43 0.000 1.8100
M 1 0.2523 0.2523 39.87 0.000 0.1588
Fr 1 0.0293 0.0293 4.64 0.057 0.0542
B 1 21.5743 21.5743 3409.77 0.000 1.4688
Square 3 0.1319 0.0440 6.95 0.008
M*M 1 0.0449 0.0449 7.10 0.024 0.1278
Fr*Fr 1 0.0020 0.0020 0.31 0.589 0.0268
B*B 1 0.0017 0.0017 0.27 0.617 0.0248
2-Way 3 0.1462 0.0487 7.70 0.006
Interaction
M*Fr 1 0.0301 0.0301 4.76 0.054 -0.0613
M*B 1 0.0944 0.0944 14.91 0.003 0.1086
Fr*B 1 0.0217 0.0217 3.44 0.093 0.0521
Error 10 0.0633 0.0063
Lack-of-Fit 5 0.0633 0.0127 * *
Pure Error 5 0.0000 0.0000
Total 19 22.1972
Residual Plots for Cg
Mormal Probability Plot Versus Fits
* 010 . .
20 _ 0.05 . Y
o = o
E 0 -g 000 f-—-------- -
@ i 13
e = gos °
10 *
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Figure 7. Residual versus observation for Cg
Table 7. Impact of different Nusselt number parameter settings
Level
Parameter Symbol
-1 0 +1
2<R<4 w, 2 3 4
03 =Q =09 WZ 0.3 0.6 0.9
05 <B < 35 w 0.5 2 35

Nu=Jo+ i\ R+Z,Q+J:B+JuR*+JQ* +JuB*+JoR*Q+JusR*B+J,Q*B

Table 8. A CCD-based investigative approach
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Runs Coded values Real values Response
W, W, W, R Q B Nu

1 -1 -1 -1 4 0.9 0.5 1.02458
2 1 -1 -1 3 0.6 2 0.701779
3 -1 1 -1 2 0.3 0.5 1.00359
4 1 1 -1 3 0.3 2 1.00272
5 -1 -1 1 3 0.6 2 0.701779
6 1 -1 1 3 0.9 2 1.02524
7 -1 1 1 4 0.6 2 0.700639
8 1 1 1 2 0.6 2 0.703656
9 -1 0 0 3 0.6 2 0.701779
10 1 0 0 3 0.6 2 0.701779
11 0 -1 0 3 0.6 2 0.701779
12 0 1 0 4 0.9 3.5 1.02394
13 0 0 -1 2 0.9 0.5 1.02791
14 0 0 1 3 0.6 35 0.701732
15 0 0 0 3 0.6 0.5 0.702264
16 0 0 0 4 0.3 0.5 1.0025
17 0 0 0 4 0.3 3.5 1.02726
18 0 0 0 2 0.9 3.5 1.02394
19 0 0 0 3 0.6 2 0.701779
20 0 0 0 2 0.3 3.5 1.00338

The relevance and usefulness of the model are confirmed by ANO-  Accuracy of the model is proved by the R-value of 99.98%. The rela-
VA results. The outcomes are listed in Table 9. Statistical significance  tionship between inputs (R, Q, B) and the Nusselt number is shown
for the parameter is shown when the p-value is less than 0.05. R, by data analysis.

B, R* and B’ do not seem to have any statistical significance. The

Table 9. ANOVA of Nu

Source Dfi;g:[‘::f Adj uss;‘e;grs;m of Adj :;:e:r::ean F-value p-value Coefficient
Model 9 0.496008 0.055112 4754.29 0.000
Linear 3 0.000807 0.000269 23.21 0.000 0.70141
R 1 0.000027 0.000027 2.33 0.158 0.00164
Q 1 0.000742 0.000742 64.04 0.000 0.00562
B 1 0.000038 0.000038 3.25 0.102 0.00194
Square 3 0.494909 0.164970 14231.28 0.000
R*R 1 0.000005 0.000005 0.40 0.540 0.00130
Q*Q 1 0.269648 0.269648 23261.48 0.000 0.31314
B*B 1 0.000004 0.000004 0.32 0.587 0.00115
Intir_:gfi)(’)n 3 0.000292 0.000097 8.39 0.004
R*Q 1 0.000085 0.000085 7.36 0.022 -0.00326
R*B 1 0.000100 0.000100 8.64 0.015 0.00354
Q*B 1 0.000106 0.000106 9.17 0.013 -0.00364
Error 10 0.000116 0.000012
Lack-of-Fit 5 0.000116 0.000023 * *
Pure Error 5 0.000000 0.000000

Total 19 0.496124
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Residual Plots for Nu

Mormal Probability Plot Versus Fits
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Figure 8. Residual vs. observation for Nu
Table 10. Impacts of different Sherwood number parameter settings
Level
Parameter Symbol
-1 0 +1
0.6 =< Sc < 0.8 0.6 0.7 0.8
1.5 = Kr = 25 1.5 2 2.5
05 < B < 35 0.5 2 3.5
Sh = Io + ]1SC + IzKr + ]3B + I]]SCZ + IzzKrZ + I33B2 + ]1zsC *Kr + ]13SC *B+ ]14Kr *B
Table 11. A CCD-based investigative approach
R Coded values Real values Response
uns
W, w, W, Sc Kr B Sh
1 -1 -1 -1 0.7 2 2 0.79695
2 1 -1 -1 0.8 2 2 0.830876
3 -1 1 -1 0.6 2 2 0.758406
4 1 1 -1 0.6 1.5 0.5 0.703066
5 -1 -1 1 0.7 2 2 0.79695
6 1 -1 1 0.7 2 2 0.79695
7 -1 1 1 0.7 2 2 0.79695
8 1 1 1 0.8 2.5 0.5 0.876935
9 -1 0 0 0.6 1.5 3.5 0.70305
10 1 0 0 0.8 2.5 3.5 0.876923
11 0 -1 0 0.6 2.5 0.5 0.803848
12 0 1 0 0.7 1.5 2 0.740911
13 0 0 -1 0.7 2 3.5 0.796949
14 0 0 1 0.7 2.5 2 0.842784
15 0 0 0 0.7 2 0.5 0.796963
16 0 0 0 0.8 1.5 0.5 0.774441
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17 0 0 0 0.7 2 0.79695
18 0 0 0 0.7 2 0.79695
19 0 0 0 0.6 2.5 35 0.803837
20 0 0 0 0.8 1.5 3.5 0.774424
Sh = 0.796947 + 0.036139Sc + 0.050844Kr - 0.002301Sc” - 0.005095Kr?* + 0.000428Sc * Kr
Table 12. ANOVA of Sh
Source Df:;g::lf::f Adj uss;z::;m of Adj l;;:fi_:ean F-value p-value Coefficient
Model 9 0.039139 0.004349 971585.68 0.000
Linear 3 0.038911 0.012970 2897815.83 0.000 0.796947
Sc 1 0.013060 0.013060 2917939.89 0.000 0.036139
Kr 1 0.025851 0.025851 5775507.48 0.000 0.050844
B 1 0.000000 0.000000 0.11 0.748 -0.000007
Square 3 0.000226 0.000075 16832.07 0.000
Sc*Sc 1 0.000015 0.000015 3254.04 0.000 -0.002301
Kr*Kr 1 0.000071 0.000071 15948.40 0.000 -0.005095
B*B 1 0.000000 0.000000 0.11 0.742 0.000014
Intﬁ;:ztai}(’)n 3 0.000001 0.000000 109.14 0.000
Sc*Kr 1 0.000001 0.000001 327.41 0.000 0.000428
Sc*B 1 0.000000 0.000000 0.00 0.992 -0.000000
Kr*B 1 0.000000 0.000000 0.00 0.959 0.000001
Error 10 0.000000 0.000000
Lack-of-Fit 5 0.000000 0.000000 * *
Pure Error 5 0.000000 0.000000
Total 19 0.039139

After examining the suggested model and its real-world effects using
ANOVA, we have the output is documented in Table 12. Sc*B, Kr*B,
B*B, and B*B are not statistically significant. A model is considered
valid when its R* score is 100%. A comprehensive statistical inves-
tigation confirms the correlation between the inputs (Sc, Kr, B) and
the Sherwood numbers.

Residual Plots for Sh

Normal Probability Plot Versus Fits

99

0.00010

The study’s residual plots for Cf, Cg, Nu, and Sh are displayed in
Figures 6, 7, 8, and 9. The regression probability plot reveals that
the residuals are normally distributed. No discernible pattern is
clear in the distribution of the residuals shown in the histogram. An
appealing arrangement has been made with the largest remnants.
Conversely, the overall trend and residual distribution show that
the proposed model is effective and provides an excellent fit. The
quadratic model developed in this study accurately captures the
variations in the response variables Cf, Cg, Nu, and Sh.

o _ ooos| 7. Conclusion

g 50 '.‘2 000000 —~——— -~ - g

° = oaoos . The mixed-mode MHD Forchheimer flow of a Sisko hybrid nano-
9010 * . fluid, with AA7072-AA7075 nanoparticles dispersed in methanol,
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Figure 9. Residual vs. observation for Nu

over a bilinear stretching sheet was analyzed, accounting for slip and
convective boundary conditions. The numerical results proved that
increasing the Sisko parameter enhanced the radial and transverse
velocity components, while the temperature and concentration pro-
files decreased. Stronger magnetic and Darcy-Forchheimer param-
eters reduced fluid velocity, while thermal radiation and heat source
parameters increased temperature distribution. Furthermore,
concentration profiles decreased with increasing Schmidt number
and with intensified chemical reaction effects. The high R* values
obtained from the response surface analysis confirmed the accuracy,
robustness, and reliability of the proposed models. The information
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gained from this study can be used in advanced cooling systems,
the processing of magnetic materials, and energy technologies that
use hybrid nanofluids. These results support the creation of effective
ways to control temperature in modern engineering applications

8. Future work

. Sisko hybrid nanofluid flow over a bi-linear stretching
sheet with different boundary conditions.
. First-grade(or)Williamson(or)Carrie nanofluids with

nonlinear thermal radiation effects flow over exponential,
linear, cylindrical, cone, and wedge stretching surfaces.
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Nomenclature
B Sisko fluid parameter
B, Magnetic field strength

Pr Prandtl number

v, Suction parameter

M Magnetic field

Q Heat source

Fr Darcy Forchheimer

R Thermal radiation

U &V, Stretching velocities in x and y directions (m/s)

Ct Skin friction

Nu Nusselt number

qr Radiative heat flux (W/m®)

D, Brownian diffusivity (m’/s)

C, Specific heat at constant pressure (J/kg. K)

T Temperature (K)

C Concentration (mol/m”)

Sc Schmidt number

&g Dimensionless velocities

k* Mean absorption coeflicient

Sh Sherwood number

w v, w Components of velocity along X, y,z directions
(m/s)

Kr Chemical reaction

Greek words

A&y Velocity slip parameters

B Concentration slip parameter

£ Temperature slip parameter

v Kinematic viscosity (m’/s)

o* Stefan-Boltzmann constant

o Electrical conductivity (S/m)

P Density

u Dynamic viscosity (Kg/ms)

0&d Dimensionless temperature and concentration

n Similarity variable
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