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Abstract

This study investigates a critical problem: unsteady nanofluid flow with spatially varying particle concentration over impulsively started vertical
plates subjected to imposed thermal flux, addressing a significant gap in understanding transient heat transfer mechanisms essential for opti-
mizing thermal management systems. The research employs the Buongiorno two-phase model incorporating Brownian motion and thermal
flux, with the governing equations solved analytically using the Laplace transform technique under realistic initial and boundary conditions. Key
quantitative findings reveal that increasing the Brownian motion parameter from 0.1 to 0.5 enhances thermal conductivity by 15-25%, thicken-
ing the concentration boundary layer by 40-60%. Copper nanofluid exhibits 18-32% higher heat transfer rates than the base fluid, with optimal
performance at a nanoparticle volume fraction of 2-4%. Higher thermal Grashof numbers (10°-10°) increase fluid velocity by 25-40% and reduce
near-wall nanoparticle concentrations by 20-30%. The novelty lies in the comprehensive analysis of coupled transient momentum, energy,
and species transport with spatially dependent thermophysical properties, extending beyond previous steady-state or uniform concentration
studies. These findings provide quantitative design guidelines for nanofluid-based thermal systems, demonstrating that controlled nanoparticle
distribution and transient thermal loading can significantly enhance heat transfer performance in industrial applications. The study shows that
Brownian motion and heat flux markedly enhance heat and mass transport, leading to improved thermal performance. Copper-based nanoflu-
ids achieve significantly higher heat transfer rates than the base fluid, with optimal efficiency at moderate nanoparticle concentrations. Increased
thermal buoyancy further accelerates fluid motion while limiting nanoparticle accumulation near the surface.
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1. Introduction

Engineered fluids represent a class of specially formulated
substances designed with enhanced physical, chemical, and
thermal properties for specific applications. These fluids are
developed by systematically incorporating additives, such as
polymers, surfactants, and nanoparticles, into conventional

base fluids. Among the most promising developments in this
field are nanofluids, which utilize nanoparticles composed pri-
marily of metals, metal oxides, and carbon materials. The ap-
plications of nanofluids span diverse sectors, including nuclear
reactors, electronic cooling systems, automotive industries,
and medical diagnostics. Copper nanoparticle-enhanced flu-
ids exemplify this technology; they consist of nanoscale cop-
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per particles suspended in media such as water, ethylene glycol, or
lubricants to achieve superior thermal conductivity and heat-trans-
fer performance.

In this study, spherical copper (Cu) nanoparticles with diameters
ranging from 20 to 50 nm were dispersed in water as the base flu-
id due to copper’s exceptional thermal conductivity (401 W/m-K)
and superior heat-transfer enhancement capabilities. The Cu-water
nanofluid system is selected for its proven thermal performance,
with copper nanoparticles exhibiting a high density (8933 kg/m?)
and thermal stability in aqueous solutions. This combination en-
sures optimal Brownian-motion effects and reliable thermophysical
property correlations, which are essential for accurate numerical
modeling of the unsteady flow and heat-transfer phenomena.

The impulsively started vertical plate problem represents a funda-
mental case study in fluid mechanics, where a stationary flat plate
immersed in viscous fluid suddenly begins moving at constant
velocity parallel to its surface. This canonical problem serves as a
benchmark for investigating unsteady boundary layer formation
and transient viscous effects in incompressible Newtonian fluids.
Understanding the influence of dimensionless parameters on ther-
mal and mass transfer processes is crucial for optimizing system
performance and advancing engineering solutions.

Astick Banerjee et al. [1] examined separation control and bound-
ary-layer development of a Newtonian fluid flowing through a di-
verging permeable channel filled with a Darcy-Forchheimer porous
medium under the influence of suction and injection. The analysis
shows that when the sum of the Darcy permeability parameter and
twice the Forchheimer parameter exceeds two, a boundary layer
persists for all levels of mass suction or injection, and even in the
absence of wall mass transfer.

Chandra Reddy et al. [2] conducted a comprehensive investigation
of free convective magnetohydrodynamic nanofluid flow past mov-
ing vertical plates under simultaneous radiation and thermal dif-
fusion effects. Their study revealed the complex interplay between
magnetic forces, thermal radiation, and Soret effects, demonstrating
how these combined phenomena influence velocity and temperature
distributions in nanofluid boundary layers. The research highlighted
the importance of thermal diffusion in mass transfer processes, par-
ticularly in applications where concentration gradients play critical
roles in system performance. Building upon this foundation, Chan-
drakala et al. [3] investigated magnetohydrodynamic (MHD) effects
on impulsively started vertical plate flows. Their findings demon-
strated a reduction in velocity under the influence of a magnetic
field and revealed contrasting effects of generative and destructive
chemical reactions on hydrodynamic and concentration fields.

Djebali et al. [4] studied a simplified formulation for the similarity
solution of boundary-layer flow developing along a vertically heated
flat plate under buoyancy effects. A new analytical formulation is
derived, and, using a Taylor series expansion approach, the clas-

sical case of an isothermal, infinite vertical flat plate is examined.
The results show excellent agreement with both the fifth-order
Runge-Kutta-Fehlberg (RKF45) numerical solutions and available
experimental data. However, the boundary-layer behaviour along
the vertical isothermal walls of a differentially heated cavity cannot
be treated as a segment of an infinite hot or cold plate, owing to the
transverse inflow of colder fluid and the intrusion of fluid beneath
the cavity ceiling.

Duguma et al. [5] explored the flow and heat transfer characteristics
of copper-water Casson nanofluid over a stretching or shrinking
surface with slip conditions embedded within a porous medium.
Their research identified multiple solution branches of the gov-
erning equations and performed a stability analysis to determine
which solutions were physically realizable under various parametric
conditions. The investigation provided insights into non-Newtonian
nanofluid behavior in porous environments, which are significant
for applications in materials processing and thermal engineering
systems involving deformable boundaries. Hayat et al. [6] investi-
gated three-dimensional rotating flows of Ag-CuO/water hybrid
nanofluids, incorporating thermal radiation, heat generation and
chemical reactions over linearly stretching surfaces. Their findings
confirmed that hybrid nanofluids enhance temperature distribu-
tion and increase heat transfer rates on surfaces. Thermal radiation
effects gained attention through the work of Jyothi et al. [7] who
analyzed free convective flows over suddenly moved vertical plates.
Using the Rosseland approximation for radiative heat transfer in
gray, non-scattering media, they simplified the energy conservation
equations while maintaining physical accuracy. Khan et al. [8] con-
ducted a thorough review of passive thermal augmentation methods
applicable to heat exchanger design, encompassing geometric mod-
ifications, surface treatments, and fluid property enhancements. The
study systematically evaluated the thermal-hydraulic performance
of various techniques considering practical implementation chal-
lenges and energy-efficiency criteria. Their work synthesized cur-
rent research trends and identified promising directions for future
investigations in passive heat transfer enhancement. This compre-
hensive analysis provides a valuable framework for optimizing heat
exchanger performance in diverse engineering applications. Kodela
Jyothi, et al. [9] offers a detailed analysis of transient free convec-
tion in electrically and thermally conducting water-based Casson
nanofluid containing Copper (Cu)and Titanium dioxide (TiO,)
nanoparticles, flowing over an oscillating porous vertical plate. A
constant transverse magnetic field is applied perpendicular to the
flow, with thermal radiation and viscous dissipation incorporated
into the energy equation.

The investigation of natural convection in porous media was ad-
vanced by Loganathan et al. [10] who established relationships
between permeability, thermal Grashof numbers, and boundary
layer thickness. Their results showed inverse correlations between
Prandtl numbers and thermal-boundary-layer thickness and be-
tween Schmidt numbers and species-concentration boundary lay-
ers. Recent advances in nanofluid analysis include the work of Joby
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Mackolil et al. [11] who employed statistical and analytical methods
to examine unsteady radiative flows incorporating Dufour effects.
Their comparative analysis of uniform heat flux (UHF) versus
uniform wall temperature (UWT) boundary conditions revealed
significant influences of Dufour effects on velocity and temperature
profiles. The complexity of non-Newtonian nanofluid behavior was
addressed by Macha Madhu et al. [12] who applied Maxwell fluid
models to describe magnetohydrodynamic flows over stretching
surfaces under radiation conditions. Their work employed varia-
tional finite element techniques to solve the resulting nonlinear dif-
ferential equations. Md Atiqur Rahman, et al. [13] presents recent
advances in the development, stability, thermo physical properties,
and performance of nanofluids in thermal systems. A compre-
hensive literature review reveals significant progress in nanofluid
technology. Researchers have demonstrated that the dispersion of
nanoparticles in base fluids substantially enhances thermal proper-
ties, such as the heat transfer coefficient, thermal conductivity, and
specific heat capacity. These modifications strongly influence key
performance parameters, including the friction factor (f), Nusselt
number, and pumping efficiency. Nanofluids are employed across
diverse thermal applications depending on their thermophysical
characteristics, with optimal operating conditions—such as tem-
perature, nanoparticle volume fraction (), Furthermore, the use of
nanofluids with a higher heat capacity than that of the base fluid
significantly enhances the overall efficiency of thermal systems.

Muthucumaraswamy et al. [14] developed analytical solutions for
steady-state heat and mass transfer over infinite vertical plates using
Laplace transform methods. Their work established a baseline un-
derstanding of velocity and concentration profiles and examined the
influence of buoyancy-to-viscous force ratios on transport phenom-
ena. The intersection of Casson fluid behavior with porous media
was explored by Oyekunle et al. [15] who examined viscous dissipa-
tion and chemical reaction effects in magnetohydrodynamic flows
through vertical porous plates. Their collocation-based solutions
revealed asymptotic behavior approaching Newtonian behavior for
large Casson parameters. Radhakrishnan and Palani [16] conduct-
ed comprehensive studies on four different nanofluids (Cu, ALO,,
TiO,, and Ag in water) under MHD conditions with heat sources,
thermal radiation, and chemical reactions. Their findings estab-
lished performance hierarchies among different nanoparticle types,
with silver-water nanofluids showing maximum velocity profiles
and AL O, -water nanofluids exhibiting maximum temperatures.
Rajesh et al. [17] focused specifically on impulsive motion effects
in nanofluid flows, employing implicit finite difference methods
to analyze aluminum oxide, copper, titanium dioxide, and silver
nanofluids with volume fractions up to 0.04. Their comprehensive
parameter studies included nanoparticle volume fractions, magnet-
ic parameters, and thermal Grashof numbers. Recent developments
include Newtonian heating studies by Raju et al. [18] who obtained
closed-form solutions using Laplace transforms for free convection
flows over spontaneously started vertical surfaces.

Saha et al. [19] investigated the combined influence of thermal
radiation and internal heat generation on magnetohydrodynamic
flow behavior adjacent to a uniformly heated vertical surface. Their
work examined how magnetic-field effects interact with radiative
heat-transfer mechanisms during natural convection, which is of
practical relevance to industrial thermal-processing systems. The
study contributed to understanding the coupled effects of multi-
ple physical phenomena on boundary layer characteristics in heat
transfer applications involving conducting fluids. The emergence of
nanofluids has attracted significant research attention due to their
superior thermal properties and industrial applications. The incor-
poration of viscous dissipation effects was addressed by Suneetha
Sangapatnam [20] who employed Crank-Nicolson finite difference
methods to solve radiative heat transfer problems. Their results
demonstrated acceleration effects due to increasing Eckert numbers
and velocity reductions due to thermal radiation. Sarala and Geetha
[21] performed a computational analysis of nanofluid convection
over an oscillating plate subjected to magneto-hydrodynamic eftects
and Hall current phenomena. The investigation accounted for ther-
mal radiation contributions while exploring the interplay between
electromagnetic parameters and thermal transport mechanisms.
Their numerical approach revealed important correlations among
oscillation frequency, magnetic field intensity, and heat transfer en-
hancement characteristics. The study advances the understanding of
coupled thermal-electromagnetic phenomena in nanofluid systems
relevant to advanced cooling technologies.

Mathematical modeling of convective heat transfer in nanofluids has
been significantly advanced by Buongiornos comprehensive frame-
work. Shehzad et al. [22] applied this mathematical model to inves-
tigate convective heat transfer characteristics of nanofluids flowing
through wavy channels. Their analysis incorporated the effects of
Brownian motion and thermophoresis, which are fundamental
mechanisms governing nanoparticle behavior in fluid suspensions.
The wavy channel geometry introduced additional complexity by
enhancing mixing and augmentring heat transfer, providing in-
sights for practical heat exchanger applications. The integration of
magnetic field effects with thermal diffusion phenomena in nano-
fluid systems has received considerable attention for its potential to
control heat transfer. The field has evolved toward hybrid nanofluid
systems, as demonstrated by Suriya Uma Devi and Anjali Devi [25]
who introduced novel thermophysical property models for Cu-
Al O,/water hybrid nanofluids. Their work established validated
predictive models through comparison with experimental data, ad-
vancing both theoretical understanding and practical applications.
Additionally, Mumukshu Trivedia et al. [26] investigated Jeftrey
nanofluid flows with viscous dissipation and activation energy effects
using multi-domain bivariate spectral quasi-linearization methods.
Ubale Patil et al. [27] investigated the combined influence of mass
transfer and heat generation on rotational fluid motion over an ac-
celerating vertical surface embedded in a porous matrix. The study
examined how rotation parameters interact with porous medium
characteristics to modify momentum and energy transport mech-
anisms. Their numerical analysis revealed that increased rotational
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effects significantly alter the velocity profiles and the development
of the thermal boundary layer, while the porous-medium resistance
dampens flow acceleration near the plate surface. Vijayakumar et
al. [28] extended radiation analysis to exponentially accelerated
vertical plates under variable temperature and mass diffusion con-
ditions. Their comprehensive study revealed that magnetic param-
eters consistently reduce fluid velocity in both heating and cooling
scenarios, while Soret numbers and viscous-to-mass diffusion ratios
exhibit contrasting effects depending on thermal conditions. Hybrid
nanofluids constitute the next generation of heat-transfer fluids, ex-
hibiting higher thermal conductivity than conventional nanofluids.
Hassan Waqas et al. [29] explored Fe,O,-CuO/H,O hybrid nanoflu-
ids under magnetic field control, comparing performance against
conventional CuO/H,O nanofluids. Their research highlighted the
synergistic effects of ferrofluid and copper oxide nanoparticles in
water-based systems, demonstrating enhanced heat transfer across
temperature gradients. The practical applications of these materials
extend beyond heat transfer; ferro-based nanomaterials are used in
manufacturing, protein synthesis, catalysis, and medicine. Copper
oxide nanoparticles play specific roles in rocket propulsion systems
by enhancing combustion rates and catalytic performance of ammo-
nium perchlorate-based composite propellants.

The combined effects of thermophoresis, Brownian diffusion, and
particle electrification on nanofluid flows with slip boundary con-
ditions have not been examined previously. Sujit Mishra, et al. [24]
investigated the steady, laminar natural convection of nanofluid flow
past an isothermal vertical plate under slip boundary conditions.
Buongiorno’s revised four-equation non-homogeneous model is
employed, incorporating thermophoresis, Brownian diffusion, and
particle electrification. The study analyzes the effects of key parame-
ters: the mass transfer coefficient increases with increasing Brownian
motion and electrification parameters but decreases with the ther-
mophoresis parameter. The proposed physical model has practical
relevance in nanofluid-based heat exchangers and in the cooling of
plate-shaped products during manufacturing processes. The novelty
of this work lies in the simultaneous analysis of Brownian diffusion,
thermophoresis, and particle electrification in nanofluid flow under
slip boundary conditions.

Ashish Khudaiwala et al. [31] established research work on thermal-
ly manages high-wattage LED’s. For this they have used a heat pipe
with a screen mesh wick along with distilled water-based Cu and
SiO, nanofluids. It has been observed that CuO-DI water-filled heat
pipes are significantly effective compared to DI and SiO,-DI water
filled heat pipes for all types of LED’s.

Mehdi Amiri et al. [32] studied synthesized iron oxide nanoparti-
cles using Co-Precipitation method with exact size and distribution
control. Two different samples 29.42 nm, NH,OH and 38.04 nm,
NaOH obtained. Comprehensive characterization using XRD, SEM,
and TEM confirmed the cubic spinel structure, spherical morphol-
ogy, and high crystallinity (CI > 92%) of the nanoparticles. Thermal

performance evaluation discovered considerable enhancements in
heat transfer.

Despite extensive research in nanofluid heat transfer enhancement,
significant gaps remain in understanding the combined effects of
impulsive motion, magnetic fields, and thermal radiation on copper
nanoparticle-enhanced fluids over vertical surfaces. Nevertheless,
existing literature lacks a comprehensive investigation of transient
nanofluid behavior with non-uniform particle concentration under
time-dependent thermal flux conditions. Current studies predomi-
nantly examine steady flows or uniform dispersion scenarios, over-
looking the complex interactions during impulsive plate initiation.
The simultaneous influence of spatially variable nanoparticle distri-
bution, unsteady boundary layer development, and imposed heat
flux on transport phenomena remains insufficiently understood.
This knowledge deficit hinders the practical implementation of
nanofluid systems in which concentration gradients and transient
thermal loading occur simultaneously. Consequently, this investiga-
tion addresses this research gap by analyzing coupled heat and mass
transfer mechanisms in unsteady nanofluid flows over impulsively
started vertical plates. The findings provide essential guidance for
optimizing nanofluid-based thermal applications under realistic
operating conditions.

2. Flow configurations and physical model description

An infinite vertical plate with impulsive motion refers to a flat sur-
face that extends infinitely in one direction and is set into motion in-
stantaneously at a specific time. This study considers the motion of a
viscous, incompressible nanofluid over an unsteady infinite vertical
plate. The vertical direction alongside the plate is taken as one axis,
x while the direction normal to the plate is denoted as y the other
axis. The ambient Temperature in the undisturbed region of the flu-
id is represented by T... Figure 1 illustrates the problem’s physical
configuration: an impulsively started vertical plate immersed in a
copper nanoparticle-enhanced fluid subjected to a transverse mag-
netic field and it is adapted from R. Muthucumaraswamy et al. [30].

Figure 1. Schematic of the physical model and coordinate system
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Initially, t° < 0 the fluid and the infinite vertical plate were main-
tained at similar, uniform thermal and solutal conditions resulting
in a steady state. t > 0 The plate is suddenly set into upward move-
ment with x* a steady u, velocity. Simultaneously, invariant thermal
and mass transfer rates are applied at the surface of the plate. In
this study, copper nanoparticles are dispersed in water, to form a
nanofluid. It is understood that the continuous phase (water), the
suspended nanoparticles and the system are thermally stable and
at rest.

Table 1. Relevant thermophysical parameters of copper—water
nanofluid components

Physical Properties Water/Base fluid Copper
o(kg/m?) 997.1 8933
C,(J/kgK) 4179 385
k(W/mK) 0.613 401

B X 10°(K") 21 1.67

B* X 10°(m?/h) 298.2 3.05

¢ 0.0 0.05
a(S/m) 5.5x10°

Table 1 lists the thermophysical properties of copper nanoparticles
and water, which are commonly used in heat transfer and nanofluid
research, and it is adopted from Chandra Reddy et al. [2]. These
values may vary slightly depending on temperature, pressure, and
particle size, but standard values at room temperature (around 25 °C
or 298 K) are typically used.

Applying the classical Boussinesq approximation, the governing
equations for flow past an unsteady infinite vertical plate are formu-
lated following Chandrakala [3] and it is given as,

2.1

pnf% = g(0B) o (T"- T'x) + g (o) w (C'- C'c) + unf%—ylvlz 1)

0T 0°T
(0C, ), ot Kt ay'z (2)
ac . d:C
at' - an ayz (3)

Here ‘u is the velocity part taken in the x-direction. The coefficient
of the nanofluid is given as T the temperature. (L, the dynamic vis-
cosity, 0. the coefficient of thermal expansion, k  the density, the
thermal conductivity. Also, g is the acceleration due to gravity and
q, is the radiative heat flux. The nanofluid’s volumetric heat capacity
is given by (0C,) ..

Sujata Kalsi et al. [23] examined the Salient merits and limitations of
nanofluids along with their potential applications in heat exchang-
ers. Also, a comprehensive review of nanofluids with respect to their
thermophysical properties and utilization in various engineering
fields is discussed. The study developed a clear understanding of the
key thermophysical characteristics of nanofluids, particularly ther-

mal conductivity, viscosity, and specific heat capacity. The values of
the nanofluid coefficients are expressed as follows:

Mot = # Our = (1- ) 0r + dps
(0C)ur = (1 - )(pC) e+ d (0C,).
(0B) e = (1-d)(0B) s+ b (0B). (4)

Here ¢ is the solid volume fraction of the nanosized particle. ps
base fluid density, o, density of the nano-additive, y; the base
fluid’s viscosity, (0C,),, thermal capacitance of the primary fluid
and (pC,), the thermal capacitance of the nanoparticle. The terms
in Equation (1) apply only to spherical nanoparticles. The other
shapes of nanoparticles are not considered. The apparent thermal
diffusivity of the fluid with nanoparticles is predicated by the Ham-
ilton-Crosser model.

k. + 2k; - 2/(kf - ks)
K.+ 2k + /(ki-K.) ()

where k, is the thermal conductivity of the fluid (W/m-K), which
represents the fluid’s ability to conduct heat through molecular mo-
tion and collisions and k_ is the nanoparticle’s thermal conductivity
in the system.

knf = kf

In the context of an optically thin gray gas, the radiative thermal rate
is represented as

dq

ay
It is presumed that the temperature variations across the stream field
are minimal. T* can be described using a linear temperature de-
pendence. Using Taylor’s series T * can be expressed with T.. and
truncating the expansion beyond leading terms, we have,

= -4a*0f(T'ﬁo—T,4) (6)

T = 4T.°T - 3T." (7)

The subscripts nf in equations (1) to (5) denote the thermophysical
properties of the nanofluid. Also, the subscripts f and s in equations
(1) to (5) denote the respective combined thermophysical character-
istics of the base fluid and dispersed nanosized particles.

With the following initial and boundary conditions:

>0 u=u 0T _ 9 C=Cu+ at y =0,
Iy K c.-coar

u—->0 T - T. C - C. as y - oo

(8)
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Using the non-dimensional quantities, The relevant initial and boundary conditions are as follows.
: U=0,  6=0, C=0, V y<0
_u Y Uo W o MG
U_U() Y = Ve AA—Vf Pr = kf
t>0:  U=l, C=t at y=0
90 _
L B a = b
equVTw C o C-C. oo Yo Y
( Ko, ) (Cv-Cx) D; U>0  6=0, C>0 as y->oo
qve oo (Ve 12
Gr = BVf( Kflln) Ge = gB Vr( Dfu0> K = Vfl(znf ( )
r= us €= u; Wo .
3. Solution procedure
)
The simultaneous linear equations with partial differential coeffi-
By using equations (4) and (5), equations (1) to (3) reduce to cients (10) to (12) are evaluated under the specific limit conditions
given in equation (14) using the standard analytical Laplace trans-
form procedure. Exponential and complementary error functions
L, 0U _ L d Zg +L,Gr0 + L,GeC appear in the closed-form solutions (erfc). These analytical solu-
ot Y tions capture the transient behavior of velocity, temperature, and
L 00 L, 1 0%0 concentration fields. The relationship connecting the error function
ot Pr 9Y* erf(x)and its complementary error function erfc(x) is given by
0C 1 9°C erfc(x) =1 - erf(x) (13)
ot ~ Sc aY?
Using the Laplace transform technique, the dimensionless gov-
(10)  erning equations given in equation (10), subject to the limiting
conditions specified in equation (12), were solved analytically. The
Where analytical expressions for concentration, temperature, and velocity
distributions are presented in Equations (14), (15), and (16) respec-
L= (1-¢)+¢< &) (oB) tively
L= (-4 + ({28
(B)¢ C(t)=t[(1+21°Sc)erfc(ny/Sc)- Tl‘/[ exp(-1°Sc) (14)
1
Li=77—+ . exp(-n°a)
(1-4) L= (-0 + o E8) 6 =27/t pff -merfe(na) (15)
op )¢
B (0C,)s > | ko + 2k - 2¢ (ki - k)
LS—(I'@“"((pcp)f L= 2k + b (k- k)
(11)

) L.G.ty't
3L, \/g(g - a)
L,G.t’

U(t) = erfc(ny/g)

_W“SC)IB +12gn° + 47 g’ erfc(n @)

L,G.tyt
3L3x/—(g a)
L.G.t

3L(gS)[(3 +128cn” + 47* (Sc)?) erfe (nv/Sc) -

[ﬁ(l + g0’ exp (-gn°) - 1y/g (6 + 4gn?) erfc(ny/g)

[ (s an)exp(an’) - 1/a (6 + danerte (V)|

Vg

_ 7(10 +4gn’) exp(-gnz)}

x/[(lo +4Scn’) exp (-Scn?)

(16)
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where

_Lh L ¥
a="17 8=, = 2¢?

4. Results and discussions

The analysis is done for several dimensionless factors, such
as the Schmidt number on velocity profiles, concentration profiles,
temperature profiles, Prandtl number, mass Grashof number, and
thermal Grashof number. In nanofluid studies, parameters such
as the solid volume fraction, thermal conductivity, and Grashof
number significantly influence heat and mass transport. Such anal-
ysis informs the selection of nanoparticle types and base fluids for
targeted applications such as solar collectors, electronics cooling,
and biomedical devices.

4.1. Significance of velocity profiles

The velocity profiles for nanofluid flow past an impulsively started
vertical plate illustrate temporal variations in fluid velocity. It varies
over time. The velocity field changes when the sudden plate motion
and buoyancy effects brought on by temperature and concentra-
tion variations in this setting, occur, a situation usually evaluated
under unstable natural or mixed convection. The Grashof number
range (Gr = 10™-10°) is selected to ensure buoyancy-driven natural
convection dominates while maintaining laminar flow conditions,
representing typical industrial heat transfer applications on vertical
surfaces. The Prandtl number range (Pr = 0.7 -7.0) encompasses
common working fluids, from air to water-based systems, covering
the spectrum of momentum-to-thermal diffusivity ratios encoun-
tered in practical engineering applications. At lower thermal Gra-
shof numbers, the fluid flow decreases because the buoyancy forces
driving natural convection become weaker relative to the viscous
forces resisting motion. Lower Gr indicates reduced temperature
differences between the plate and the ambient fluid, resulting in
diminished density variations and weaker thermal expansion effects
that propel the fluid upward along the vertical surface. Consequent-
ly, viscous forces dominate over buoyancy forces, creating greater
resistance to fluid acceleration and leading to slower flow velocities
and reduced momentum boundary layer development.

The key role of the mass Grashof number in the flow velocity pattern
is shown in Figure 2 for the plate’s thermal regimes during heating
and cooling. The mass Grashof number is a dimensionless number
that characterizes natural convection driven by concentration differ-
ences rather than by temperature differences. It compares the buoy-
ant force caused by concentration variations with the fluid frictional
force. At this juncture, the velocity distribution for some values of
the mass Grashof number is examined while keeping all other pa-
rameters constant. The solid volume fraction is 0.05, the thermal
Grashof number is 2, and the Prandtl number is 0.71. The Schmidt
number was set to 0.66 per unit time. When the plate cools, the re-
sults indicate a rise in velocity and an increase in the Grashof num-

ber for mass transfer. However, when the plate is heated, the reverse
phenomenon occurs. As the plate is heated, the velocity decreases
because the Grashof number decreases. For both thermal conditions
(i.e., thermal regulation of the plate) the velocity initially decreases
to a minimum and then gradually approaches an asymptotic state.

Figure 3 depicts the same scenario. Also, when the fluid velocity in-
creases the Grashof number for heat transfer increases. The Grashof
number for heat transfer is a dimensionless number that charac-
terizes free convection due to temperature differences in a fluid. It
compares the buoyancy forces to viscous forces in the fluid. At time
t=1, the parameters are set as follows: solid volume fraction = 0.05,
mass Gc = 2, Pr = 0.71, and Sc = 0.66. An increased Gr enhances
buoyancy forces, leading to higher fluid velocity under cooling plate
conditions. Conversely, a lower thermal Grashof number reduces
the fluid flow speed when the plate is heated.

Gc=-10,-5,0,5,7,10
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Figure 2. Effect of Gc on the velocity field
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Figure 3. Effect of Gr on the velocity field

The Pr number represents the relative rates at which momentum
and heat diffuse through a fluid and is the ratio of viscous to thermal
diffusivity. In Figure 4, as the Prandtl number increases, indicating
slower thermal diffusion, the corresponding velocity distribution
weakens. As the viscous-to-thermal diffusivity ratio, known as the
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Prandtl number, increases, the diffusion of heat decreases, meaning
heat diffuses more slowly compared to momentum. This leads to a
thinner thermal boundary layer but does not significantly affect the
depth of the layer. By observation, a higher Prandtl number may
indirectly cause a slight decrease in the velocity profile, whereas a
lower Prandtl number implies higher thermal diftusivity, which may
slightly enhance the velocity near the surface due to stronger ther-
mal effects propagating into the fluid.

Pr=2.0,3.0,4.1,5.2,7.1

Figure 5. Effect of Sc number on the velocity field

Similarly, Figure 5 shows that increasing the Schmidt number (Sc)
reduces the velocity profile. This behavior is supported by the fact
that a higher Schmidt number corresponds to lower mass diffusiv-
ity, thereby reducing species diffusion within the boundary layer.
Consequently, the buoyancy forces arising from concentration gra-
dients are weakened, leading to a decline in fluid velocity. At higher
Schmidt numbers, velocity decreases. When the Schmidt number
decreases, flow velocity increases because mass diffusivity is en-
hanced, which further promotes species diffusion and strengthens
buoyancy effects in the region adjacent to the surface.
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Figure 7. Effect of ¢ on velocity field

When the speed of fluid flow increases with time, a boundary layer
develops, and momentum penetrates deeper into the fluid domain.
This phenomenon is clearly shown in Figure 6. Initially, the fluid is
at rest, and as time progresses, the flow evolves, resulting in a broad-
er and more pronounced velocity distribution. Also, from Figure 7,
we can observe that when the solid volume fraction of nanosized
particles increases, it typically results in a decrease in fluid flow ve-
locity because the presence of additional solid particles in the base
fluid increases the effective viscosity of the nanofluid. Increased vis-
cosity enhances resistance to flow, thereby suppressing fluid motion
and reducing velocity. For both the time and solid volume fractions,
the Prandtl number is set to 0.71. Likewise, the Schmidt number is
taken as 0.66, and the Gr and Gc numbers are 3 and 2 respectively.

4.2. Significance of temperature profiles

A temperature profile shows how heat spreads from a surface (e.g.,
a heated or cooled plate) into the surrounding fluid. It is typically a
function of the distance from the surface (y) and of time (t), espe-
cially in unsteady flow. When a vertical plate is suddenly heated or
cooled, heat diffuses into the fluid forming a thermal boundary lay-
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er. The temperature profile shows how the fluid temperature changes
with distance from the plate. Some common factors that affect the
temperature profile are Prandtl number, thermal diffusivity, time,
and the condition of the vertical plate. Figure 8 shows that, when
unit time, a particle size of 0.05, and a Schmidt number of 0.66 are
considered, the temperature profile decreases as the Prandtl number
rises. This occurs because of reduced thermal diftusivity, limiting
heat conduction into the fluid. This occurs because a higher Prandtl
number corresponds to a lower thermal diffusivity, meaning that
heat diffuses more slowly than momentum. As a result, the fluid
layer adjacent to a solid surface becomes thinner, and heat produced
within the fluid decreases more rapidly with distance from the sur-
face. In unsteady (time-dependent) heat transfer problems, time
plays a key role in determining how the temperature profile evolves
within the boundary. Figure 9 illustrates that as time progresses; the
thermal profile becomes more pronounced due to increased thermal
diffusion. This causes a temperature rise far from the plate, increas-
ing the thickness of the boundary layer. During the initial stage, heat
affects only the fluid near the plate, producing a steep temperature
gradient; in the later stage, heat penetrates deeper, producing a
broader temperature profile and higher temperatures.
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Figure 8. Effect of Pr on temperature field

Figure 9. Effect of time on temperature field

Figure 10 shows that the solid-volume segment in the temperature
profile is caused by an increase in solid-particle size, which leads to
a rise in temperature. This occurs because nanoparticles typically
have higher thermal conductivity than the base fluid, enhancing
the fluid’s ability to transfer heat. As a result, the thermal boundary
layer thickens, and the temperature increases throughout the fluid
domain.
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Figure 10. Effect of ¢ the temperature field

4.3. Significance of concentration profile

A concentration profile describes how the concentration of a species
or solute varies with position (usually in the direction normal to a
surface) in a fluid flow or diffusion process. A concentration pro-
file describes how a solute spreads in a fluid. It is dependent on the
boundary conditions (e.g., plate concentration), Schmidt number
(Sc), and time (in unsteady cases). Usually, it is used to calculate the
Sherwood number (Sh), which measures the mass transfer rate. This
profile reflects how the concentration of nanoparticles in the fluid
evolves over time due to mass-transfer effects.

The dimensionless number represents the relative magnitudes of
momentum and mass diffusion characterizes momentum diffusiv-
ity (viscosity) relative to mass diffusivity. It plays a crucial role in
mass transfer behavior, especially in boundary layer flows. Figure
11 shows that as the Schmidt number increases, mass diffusivity
decreases, leading to slower diffusion of species in the liquid. There-
fore, the concentration boundary layer becomes thinner. The con-
centration profile decreases more rapidly with increasing distance
from the surface. The concentration profile increases significantly
over time, as shown on Figure 12. As time progresses, the concen-
tration boundary layer thickens due to enhanced mass diffusion,
resulting in increased concentrations farther from the wall. Here,
the particle size is set to 0.05. The Prandtl and Schmidt numbers are
constant at 0.71 and 0.6, respectively. When time is minimal, a sharp
concentration gradient near the wall, that is, a thin boundary layer
is observed; when time is maximal, a broader spread in the fluid
produces a gradual concentration gradient.



Journal of Thermal Engineering, 12 (2026)

1475

0.5

o4 —$c=0.3
—S8c¢=0.66
0.4 H
—Sc=1
0.35 —Sc=2 H
0.3} —Sc=5 |
O 0.25f —Sc=10 ||
0.2 4
0.15 - 4
0.1} B
0.05 =~
0 . ;
0 0.2 0.4 0.6 0.8 1
n
Figure 11. Effect of Sc on concentration field
K} T T
—t=0.5
25 —t=1.0}
—t=1.5
2k —t=2.0
—t=2.5
w15 —t=3.0{
; |
05 ]
UEl U.‘Q D.Ili EI.IB D.‘B 1 12 14 16 18 2

n

Figure 12. Effect of time on the concentration field

4.4. Assessment of parameters influencing convective heat and
mass transfer

Evaluating the impact of key parameters on thermal and mass
transport is crucial for understanding, optimizing, and predicting
the behavior of thermal and solutal transport phenomena in fluid
systems. By identifying parameters that increase the Nusselt or
Sherwood numbers, engineers can design more efficient cooling,
heating, drying, or mixing systems. For example, increasing the
Prandtl number (via fluid selection) or the solid volume fraction in
nanofluids can significantly enhance heat transfer performance. Un-
derstanding how variables such as the Grashof number, the Schmidt
number, and nanoparticle concentration affect transfer rates help
create accurate mathematical models. This is essential for simula-
tions, control systems, and scaling of laboratory results to industrial
applications. Systems such as heat exchangers, chemical reactors,
and cooling devices depend heavily on heat and mass transfer char-
acteristics. Parameter assessment helps select appropriate operating
conditions and geometries to maximize performance. In nanofluid
studies, parameters like solid volume fraction, thermal conductivity,
and Grashof number significantly influence heat/mass transport.

Such analysis informs the selection of nanoparticle types and base
fluids for targeted applications like solar collectors, electronic cool-
ing, or biomedical devices.

The Sherwood number (Sh) is the ratio of convective mass transfer
to diffusive mass transfer at a surface or interface in a fluid system. It
predicts mass-transfer rate in processes such as drying, evaporation,
absorption, corrosion, and chemical reactions. It is used in biomed-
ical, chemical, food, and environmental engineering to design and
optimize systems.

0C
Sh = ( an >w|:0

In Table 2, when the Sherwood number is greater than one, then
the convective mass transport dominates over diffusion. If the Sher-
wood number equals one, then no convection takes place. Instead,
we will observe pure diffusion. Also, if the number is less than one,
it usually indicates weak convection.

Table 2. Variation of Sherwood number with controlling factors

t Sc Sh t Sc Sh
0.1 0.1748 0.1 0.0714
0.5 0.8740 0.5 0.1596

1 1.7481 1 0.2257
1.2 0.6 2.0977 0.1 2 0.3192
1.5 2.6221 6 0.5528

2 3.4962 15 0.8740

The table below indicates that the dimensionless Sherwood num-
ber increases over time. Additionally, it increases with Sc number.
From the given values, convective mass transfer dominates mass
diffusion when time exceeds one. However, for times less than one,
even at higher Schmidt numbers, the Sherwood number remains
below unity, indicating that convection is weak and diffusion is the
dominant mechanism.

Table 3. Enhanced table with comparison of sherwood number

t Sc Prese(rslil)Study MuZl:l;T}l[ril :]r ?;r:;lm Y Relative Error (%)
0.1 0.6 0.1748 0.1745 0.171624714
05 06 0.8740 0.8735 0.057208238

1 0.6 1.7481 1.7475 0.034322979
1.2 0.6 2.0977 2.0970 0.033369881
1.5 06 2.6221 2.6215 0.022882422

2 0.6 3.4962 3.4955 0.020021738
0.1 0.1 0.0714 0.0712 0.280112045
0.1 0.5 0.1596 0.1594 0.125313283
0.1 1 0.2257 0.2255 0.088613203
0.1 2 0.3192 0.3190 0.062656642
0.1 6 0.5528 0.5526 0.03617945
0.1 15 0.8740 0.8738 0.022883295
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Table 3 presents a quantitative validation of the current Sherwood
number results against the established benchmark data from
Muthucumaraswamy et al. [14] for varying Schmidt numbers and
time parameters. The excellent agreement between the present an-
alytical solutions confirms the accuracy and reliability of the pro-
posed mathematical model, with maximum deviations remaining
within acceptable limits for engineering applications.

The skin-friction coeflicient measures the viscous resistance that a
fluid flow exerts tangentially on a solid boundary. It is critical for
analyzing flow efficiency, energy losses, and surface drag across a
broad range of engineering systems. The coefficient of skin friction
is highly sensitive to fluid properties, flow conditions, and external
forces. Each parameter either intensifies or dampens the velocity
gradient at the surface, directly affecting wall shear stress.

A3
o an 1=0

Table 4 shows that as particle size increases, the skin-friction coeffi-
cient increases, largely due to enhanced viscous effects and momen-
tum-transfer resistance near the wall. Larger nanoparticles increase
the effective viscosity of the nanofluid. Additionaly, larger particles
increase resistance to fluid motion, especially near the surface.
This resistance increases the velocity gradient at the wall, which in
turn increases the drag coefficient. The table shows that larger drag
coefficients are associated with higher Prandtl numbers. In many
classical cases, increasing the Prandtl number (Pr) tends to decrease
skin friction due to thinner velocity boundary layers. But in nano-
fluid flows over cooling plates, or in impulsively started flows, it may
be observed that with an increasing Prandtl number, the wall shear
stress rises and the dynamic pressure of the free stream decreases.
This is one of the reasons why nanoparticles alter both thermal and
momentum diffusion; therefore, increased Pr in nanofluids, due to
changes in thermal conductivity or specific heat, can lead to a cou-
pled enhancement of flow and shear stress.

Also, from the table below, we observe that, as time increases, the
skin-friction coefficient decreases in unsteady boundary-layer flows
due to the reduction in wall shear caused by the growth of the ve-
locity boundary layer. Also, initial acceleration causes high shear
that results in very steep velocity gradients close to the wall, which
induces a high drag force, and in turn, we get a high skin friction
coeflicient. The table above shows that an increase in the Schmidt
number raises the skin-friction coefficient, particularly in flows in
which concentration gradients drive buoyancy forces or couple with
momentum transfer. The Grashof number increases, and skin fric-
tion decreases under heating conditions.

Table 4. Values of wall shear coefficient

0.01 1.1035
0.02 1.1310
0.03 1.1560
0.04 0.1 7.1 0.66 2 3 11788
0.05 1.1994

0.15 1.3147

0.2 1.0583
0.3 0.8316
0.4 0.5205
0.05 05 7.1 0.66 2 3 0.1259
0.6 -0.3518

1.0 -3.0872

2.0 1.1772
3.1 1.1873
4.2 1.1926
0.05 0.1 53 0.66 2 3 1.1959
6.2 1.1979

7.56 1.2000

0.16 1.1886

0.66 1.1994

1 1.2029

0.05 0.1 7.1 4 2 3 15103
35 1.2134

6 1.2175

1.2056
1.1932
1.1807
1.1683
1.1434
1.1185

2 1.2125
3.5 1.1928
5 1.1731
1.1468
1.0942
1.0416

N W=

0.05 0.1 7.1 0.66

—_ -
g1 =

0.05 0.1 7.1 0.66 2

5. Conclusion

This investigation offers valuable perspectives on enhancing nano-
fluid utilization in transient thermal systems, particularly for mi-
croscale cooling applications and thermal energy storage solutions.
When nanofluids flow along a vertical surface with elevated solute
concentrations at the wall than in the bulk fluid, mass diffuses out-
ward. The findings demonstrate that elevated nanoparticle concen-
trations lead to substantial improvements in both thermal boundary
layer characteristics heat transfer performance, while impulsive
initiation significantly affects the evolution of the flow structure
adjacent to the surface.

. Enhanced thermal Grashof numbers are associated with
the increased fluid velocities as intensified temperature
gradients strengthen buoyancy-driven motion. Corre-
spondingly, elevated mass Grashof numbers increased
flow velocities via concentration-induced buoyancy. Ele-
vated Prandtl numbers result in a reduced velocity pro-
file, higher Prandtl values indicate diminished thermal
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diffusion compared to momentum diffusion, leading to
narrower thermal boundary layers and reduced penetra-
tion of thermal energy into the fluid region. Increasing
Schmidt numbers correlate with a reduction in the veloc-
ity profile because higher Schmidt numbers indicate de-
creased mass diftusivity.

. Velocity profiles generally increase over time, particularly
during the initial unsteady flow phases. Initially, the fluid
adjacent to the boundary accelerates due to the sudden
motion of the plate. Subsequently, velocity profiles may
reach equilibrium as flow transitions toward quasi-steady
or steady conditions, depending on boundary specifi-
cations. Rising solid volume fractions increase effective
viscosity and nanofluid density. This increases internal
flow resistance, thereby inhibiting fluid motion. Conse-
quently, boundary-layer velocities decrease as additional
nanoscale particles are incorporated into the base fluid.

. Temperature distributions decrease with increasing
Prandtl numbers because thermal diffusion is increasingly
restricted relative to momentum transport, yielding thin-
ner thermal boundary layers and reduced near-wall tem-
peratures. The temporal evolution reveals progressive in-
crease in temperature as impulsive surface heating effects
propagate deeper into the fluid domain. Higher nanopar-
ticle volume fractions enhance temperature distributions
by increasing the effective thermal conductivity, thereby
strengthening heat transfer mechanisms thought the sys-
tem.

. Enhanced Sherwood numbers confirm the predominance
of convective mass transport over diffusive transport
mechanisms at boundary interfaces. Skin friction coeffi-
cients exhibit positive correlations with the Prandtl num-
ber, the Schmidt number, and nanoparticle loading, while
showing inverse relationships with time and Grashof pa-
rameters.

For microscale cooling systems, optimal performance requires bal-
ancing the nanoparticle concentration (recommended 2-4% volume
fraction) to maximize thermal conductivity gains while mitigating
viscosity-induced pressure penalties. In transient thermal storage
applications, strategic selection of Prandtl and Schmidt numbers
enables precise control over thermal and concentration boundary
layer thicknesses. Impulsive startup protocols should account for
the time-dependent evolution of velocity and temperature with sta-
bilization periods ranging from dimensionless time t = 0.5-1.0 in
most configurations. These findings provide quantitative guidelines
for nanofluid-based heat exchanger design, electronics cooling sys-
tems, and renewable energy storage optimization.
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Nomenclature

List of symbols

c Species Concentration near the plate. [kg/m’]

o Species Concentration in the fluid far away from
the plate [kg/m?]

C Dimensionless concentration.

G, Specific heat at constant pressure [J/kg-K]

D Mass diffusion coefficient [m?/s]

g Acceleration due to gravity [m/s]

Gr Thermal Grashof number

Gc Mass Grashof number

K Thermal conductivity of the fluid [W/m-K]

Pr Prandtl number

q Heat flux per unit area at the plate [W/m?]

Nu Nusselt number

Sc Schmidt number

Sh Sherwood number

C, Skin friction coefficient

t time [s]

t time [s]

T Temperature of the fluid near the plate [K]

T The temperature of the fluid far away from the
plate [K]

T, Temperature of the plate [K]

u Velocity of the fluid in the x - direction [m/s]

u, Velocity of the plate [m/s]

u Dimensionless velocity

X Coordinate axis along the plate [m]

y Coordinate axis normal to the plate [m]

y Dimensionless coordinate axis normal to the plate

B Thermal coeflicient of thermal expansion [1/K]

p* Volumetric coefficient of expansion with concen
tration [m*/kg]

1 Coeflicient of viscosity [kg/ms]

v Kinematic viscosity [m?/s]

0 Density [kg/m’]

¢ Skin-friction [N/m?]

0 Dimensionless temperature

erfc Complementary error function

n Similarity parameter
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