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Abstract

This study develops a reliable finite-volume model, implemented in Python, to analyze nonlinear convective-radiative heat transfer in straight
fins with nonuniform cross-sections and temperature-dependent properties, which are important in heat exchangers. The one-dimensional
steady-state nonlinear equations are solved using Python’s fsolve function. Model validation is first performed by comparison with exact solu-
tions in the linear case and, unlike previous studies, is further benchmarked against a three-dimensional solver implemented in the open-source
OpenFOAM platform for the nonlinear case, demonstrating excellent agreement in both linear and nonlinear problems. Subsequently, the
validated model is applied to investigate the temperature distribution and efficiency of triangular and rectangular fins under varying dimen-
sionless parameters. Results show that ambient fluid temperature affects fin efficiency in contrasting ways depending on whether the thermal
conductivity parameter  is positive or negative. Within the investigated ambient temperature range, increasing the dimensionless temperature
of the ambient fluid can increase fin efficiency by up to 25% when f < 0, decrease it by up to 9% when B > 0, and remain nearly unchanged when
B = 0. Overall, the model provides a valuable framework for investigating nonlinear heat transfer in fins, offering insights into their thermal
performance under varying conditions and supporting fin optimization.

Keywords: Fin efficiency, finite volume method, fin simulation, nonlinear heat transfer

Cite this article as: Huynh, H. N., & Nguyen, V. T. (2026). Nonlinear heat transfer analysis of straight fins with temperature-dependent
parameters using the finite volume method. Journal of Thermal Engineering, 12(4), 1394-1402. https://doi.org/10.47481/jten.0038

1. Introduction A range of approximate analytical techniques has been devel-

oped to address nonlinear fin problems, including the Ado-

Extended surfaces, commonly known as fins, are protruding
surfaces typically attached to a primary surface to increase
surface area and enhance heat dissipation or absorption; they
are commonly used in heat exchangers and radiators. A variety
of models have been developed and employed to design and
analyze the thermal performance of fins. By assuming constant
thermal conductivity, assuming a uniform heat transfer coef-
ficient, or neglecting radiation, the models can be simplified
to linear problems that are easier to solve analytically. How-
ever, many physical phenomena in fins are characterized by
nonlinear differential equations. Consequently, approximate
analytical and numerical methods are often applied to study
nonlinear heat transfer in fins.

mian Decomposition Method (ADM) [1-4], the Differential
Transformation Method (DTM) [5-10], the Homotopy Anal-
ysis Method (HAM) [11, 12], Homotopy Perturbation Method
(HPM) [13], and the Variational Iteration Method (VIM) [14].
The advantages of these approximate analytical methods are
that they directly solve linear and nonlinear equations without
linearization or discretization, and converge rapidly [15, 16].
However, they often require many terms, which makes them
less convenient for practical applications [17, 18].

Numerical methods are often employed to verify approximate
analytical methods for nonlinear problems. Coskun et al. [19]
used the Finite Element Method (FEM) to benchmark the VIM
for a fin with variable heat transfer coeflicient, showing strong
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agreement in temperature profiles and fin efficiency. Sobamowo et
al [20] employed the Finite Difference Method (FDM) combined
with the Crank-Nicolson scheme to validate two approximate mod-
els developed for analyzing the transient nonlinear behavior of fins
with variable thermal conductivity. The dimensionless temperature
distributions obtained from the models were in excellent agreement.
Venkitesh and Mallick [21] employed the FDM to validate the HPM
in analyzing the heat transfer of porous fins of rectangular and hy-
perbolic profiles with internal heat generation. The results of tem-
perature distributions showed that the maximum errors occurred at
the fin tip. Additionally, Runge-Kutta solutions were used to verify
approximate models for nonlinear heat transfer in fins [22, 23].

In parallel with analytical approaches, numerical methods have
been widely employed to solve the nonlinear differential equations
governing heat transfer in fins. Sobamowo [24] utilized the FDM to
analyze a rectangular fin with temperature-dependent thermal con-
ductivity and internal heat generation, validating the solution against
the exact linear case. Later, Sobamowo et al. [25] employed the FEM
to investigate nonlinear heat transfer in moving porous trapezoidal
fins. Although complex nonlinear effects were considered, the re-
sults were not validated. In a subsequent work, Sobamowo et al. [26]
employed the same numerical approach to study functionally grad-
ed rectangular fins under magnetic fields. The results were validated
against the exact solution for the linear case. Armin [27] employed
the unsteady Galerkin weighted residuals technique to investigate
convective-radiative heat transfer through rectangular straight po-
rous fin. Al-Sanea and Mujahid [28] used the Finite Volume Method
(FVM) with fully implicit formulation to study the transient case
of a rectangular fin with constant properties, findings were bench-
marked against analytical results. More recently, Sobamowo et al.
[29] applied the FVM to solve nonlinear equations for a convective
rectangular longitudinal fin, reporting excellent agreement for the
linear case.

Most previous numerical methods, such as FDM, FVM, and FEM,
have been validated primarily against analytical solutions for linear
cases, thereby limiting confidence in their predictive capability for
strongly nonlinear fin problems. In the context of nonlinear heat
transfer in extended surfaces, existing numerical methods have pri-
marily focused on rectangular straight fins, leaving other geometries
unexplored. Moreover, few studies have leveraged the computational
flexibility of modern open-source platforms for nonlinear fin anal-
ysis. These gaps highlight the need for an efficient numerical frame-
work, such as the model proposed in this study, to extend reliable
nonlinear thermal analysis to a wider range of fin configurations.

The present study develops a numerical model using the FVM to
investigate nonlinear heat transfer in longitudinal fins with rect-
angular and triangular cross-sections. In this model, both thermal
conductivity and the heat transfer coefficient vary with temperature.
Additionally, a three-dimensional (3D) simulation was conducted
using the open-source software OpenFOAM to analyze the fins. The
FVM results were validated against analytical solutions for linear

cases and 3D model results for nonlinear cases. The model was fur-
ther used to investigate temperature distributions and fin efficiency.

2. Problem definition

Consider convective and radiative straight fins with uniform and
nonuniform cross sections, as shown in Figure 1(a) and (b), respec-
tively. Each fin has a length L, width w and base thickness t,. The top
and bottom surfaces of the fins are exposed to the environment at
ambient temperature T . For simplicity, the study of fins is based on
the following assumptions:

. Steady-state conditions to simplify mathematical formu-
lation.

. The base of each fin is attached to a surface maintained at
a constant temperature T,.

. The fin is investigated in one dimension since the base
temperature is uniform across the width of the fin.

. The fin tip, as well as the front and back faces of the fin,

is assumed to be adiabatic because heat loss through the
tip and thin lateral faces is small compared with heat loss
from the main surfaces.

These assumptions are reasonable for thin fins, which are typical in
many heat exchangers and electronic cooling applications.

Figure 1. Fin geometries (a) straight fin of uniform cross section,
(b) straight fin of nonuniform cross section, and (c) sketch of a
control volume for triangular fin.

A steady-state differential equation in one dimension, derived from
the heat balance of an infinitesimal element dx is expressed as:

h(T)dA.

d dT eodA,
(AR GE)- o

(T - Ta)_T(TA_ Ts')=0

(1)

where e denotes the surface emissivity, T, is the radiation sink tem-
perature, A(x) represents the cross-sectional area, and dA_ is the
differential surface area of the element. The heat transfer coefficient,
h(T), and the thermal conductivity, k(T), of the fins are tempera-
ture-dependent, and are defined as:

k(T)=kJ1+A(T-T,)] (2)
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n-n (5
where, k_is the thermal conductivity of the fin at the ambient tem-
perature T, and the parameter A characterizes the variation in
thermal conductivity. h, represents the base heat transfer coefficient
of the fin with temperature T,, and m is an exponent that describes
different heat transfer mechanisms: laminar film boiling or conden-
sation (m = —1/4), laminar free convection (m = 1/4), turbulent free
convection (m = 1/3), and nucleate boiling (m = 2) [30]. By intro-
ducing dimensionless parameters as follows:

X T Ta _ A(X) —
=T 0= b=, AX) =3, , B = AT,
hydA, TP L’ eodA L’ Ty

M = A dx (To - To™ NR =T A L, dx

(4)

The dimensionless form of Eq. (1) is expressed as:

% A(X)K(e)g—)e( SMAO0-0)™ ! -Nr(0*-0H=0,0<X<1

(5)

Where A(X) epresents the dimensionless cross-sectional area. A(X)
=1 for a rectangular profile and A(X)=1-X for the triangular profile.
K (0) denotes the dimensionless thermal conductivity, defined as:

K(0)=1+B(0-6,) (6)

The dimensionless boundary conditions are as follows:

do
X=O,9=1V€X=1,d—X=0 (7)

To facilitate the simulation in this study, the specific thermo-geo-
metrical parameters of the fin, adjusted from [31], are applied and

listed in Table 1.

Table 1. Thermo-geometrical parameters of the fin

Fin parameters Values
Fin base temperature, Tb 363.15 K
Ambient fluid temperature, T, 293.15K
Radiation sink temperature, T, 293.15K
Heat transfer at the fin base, h, 40 W/ (mZ,K)
Reference thermal conductivity, k 30 W/(m.K)
Surface emissivity, 0.8
Thickness of the fin base, t, 0.008 m
Fin length, L 0.05 m
Fin width, w 0.1m

3. Numerical method
3.1. Finite volume method

In the FVM framework, the fin length is divided into a finite number
n of control volumes (CV). Each presented by a central nodal point.
Integration of the governing Eq. (5) over the control volume i (i =1,
..., 1), we obtain the following:

[ (d Aok @) 8] M2 - 0™ - Nw(@*- 02 Jav = 0

(8)
Rewriting Eq. (8) for each control volume, we have

fCVIA(X)&[K(G)%e]dV+

IRk

dv- [ M(©0-0)"av- [ N (0°-09dv =0

(9)
By applying integration by parts for the product of two functions,
the first integration term of Eq. (9) is expressed as follows:

J (oo gi[xergg[Jav -

(cok@ )] 75 [ (k042 420

Where A, represents the average cross-sectional area of the con-
trol volume i, as illustrated in Figure 1 (c), and is calculated using
Ai=(Aip+Aiip)/2, where A | and A are the cross-sectional
areas of the left and right faces of the control volume i, respectively.

Jav

(10)

Substituting Eq. (10) into Eq. (9), we obtain the following:

(ACOKRO )| A [ M O-0)"av- [ N 0'-69dV =0

(11)

For each interior node i, as shown in Figure. 1(c), applying the cen-

tral difference to Eq. (11) yields the following:

A (D) Ak @ %)

-Mi(0;- 0,)""AX - N (0f - 0)AX = 0, Vi € [2,n-1]

(12)

The thermal conductivity on the two faces of the control volume is
calculated as the arithmetic average of the temperatures at the cen-
ters of the neighboring control volumes as follows:

K(0).,=1+B[(00+0)/2-0.] (13)

K(e)Hl/Z = 1+B[(ei+1+ei)/2-ea] (14)
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Applying Eq. (11) for the boundary node 1 having Dirichlet bound-
ary condition, we obtain

(1 + B(eb_ ea))Ab( %}&/621 >+(1 + B[(el + 92)/2 - ea])AHl/Z( 92A-X61>

'Mz(el - ea)mHAX- NRI(G? - esq)AX =0

(15)

Similarly, applying Eq. (11) for the boundary node n with the adia-
batic tip, we obtain

(14 BL(0 +0,)/2-0.1) A, L20)
-M*(0,-0,)""AX - N, (On* - 0s*)AX = 0

(16)

By combining Egs. (12), (15), and (16), n nonlinear algebraic equa-
tions are obtained. In this study, these equations are solved using the
Python function fsolve, a wrapper for MINPACK’s hybrd and hybr;j
algorithms, with a convergence criterion of 107”. Pseudocode for the
numerical solution using FVM and fsolve:

L. Define the fin geometry, boundary conditions, and
temperature-dependent material properties.

2. Discretize the fin domain into n control volumes using
the FVM.

3. Initialize the temperature field at environmental tem-
perature.

4. Formulate the system of nonlinear algebraic equations
representing the energy balance in each control vol-
ume.

5. Solve the system using Python’s fsolve function.

6. Check convergence.

7. Post-process results to obtain temperature distribu-

tion and fin efficiency.

3.2. OpenFOAM implementation

To benchmark and compare the FVM model, the open-source code
OpenFOAM was used to develop a numerical model for simulating
heat transfer in three-dimensional longitudinal fins. Steady heat
conduction in longitudinal fins is described by the equation of ener-
gy conservation written in terms of temperature as:
V- (kVT) =0, (17)
Where k represents the fin’s thermal conductivity. The above gov-
erning equation can generally take into account temperature-de-
pendant thermal conductivity k(T) with the following boundary
conditions applied along surfaces of the fins

T = Tb, X & Fb (18)
g xer, (19

Here, the temperature at the base surface I',is set to T,, while the
heat flux q_ is specified for the remaining boundaries exposed to the

surrounding environment. The heat flux applied at the exposed sur-
faces is calculated from the temperature dependent heat transfer co-
efficient h(T) following Eq. (3) and being zero for surfaces assumed
to be adiabatic. All thermal geometrical parameters were obtained
from Table 1 to ensure consistency with the one-dimensional FVM
approach. The solver was implemented in the OpenFOAM frame-
work to solve the temperature distribution across different fin geom-
etries. For all the simulations using OpenFOAM, the second-order
central difference scheme with non-orthogonal correction was
used for the discretization of the Laplacian term in Eq. (17). The
preconditioned conjugate gradient (PCG) linear solver with diago-
nal incomplete-Cholesky (DIC) preconditioning is used for solving
temperature until convergence criteria of 10”".

4. Fin efficiency

The fin efficiency is determined as follows:

O El (hb< ;l:b - 1; )mdAsi(Ti -T.)+ eodA,(Ti*- Ts‘*)>
Qua 2 (hydA,(T,- T.) + eodA, (Tb' - Ts"))

(20)

Where Q: and Que represent the actual and ideal heat transfer,
respectively. Also, the fin efficiency can be calculated based on the
dimensionless parameters as follows:

Dor (ME(0:- 0™ + Nu (6] - 02))
Dor (MI(1-0.)™" + Nu(1-69)

'n =
1)

5. Results and discussion

Due to the lack of an exact solution for the nonlinear case, the two
models were first validated against the exact solution for the linear
case. From Eq. (5), the validated linear case corresponds to a rect-
angular fin with exponential constant m = 0, thermal conductivity
parameter = 0, and surface emissivity € = 0. According to [32],
the analytical solutions for the temperature (0. ) and heat transfer
(Quuer ) of a linear rectangular fin are given as follows:

L cosh(m, (L -x))

eexacl = ea + (1 - ea} cosh(moL) (22)
Otena = Vho Pk, A (T, - T.) tanh (m, L) (23)

Where m, = vh,P/(k,A) and P are the fin perimeter.

For the nonlinear case, the FVM results were compared with Open-
FOAM results with the exponential constant m = 1/3 (this represents
turbulent natural convection), the thermal conductive parameter
B = 0.5, and the surface emissivity € = 0.8 for both the triangular
and rectangular fin profiles. For quantitative assessment, the mean
relative error of the dimensionless temperature between the FVM
solution and the exact solution for a fin discretized into n control
volumes is employed as follows:
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1 Zn | ei,FVM - ei,exact
Eerror = n -1 emxm

1.0 30

X 100 (24)

——FVM, N = 20 elements (a) —=—FVM, M= -1/4 (b)
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Figure 2. Effect of mesh size on the computed heat transfer rate
for fins with a rectangular profile: (a) Relative error between the
FVM and exact solution for the linear case withm =0, =0,e =0,
and (b) dependence of mesh size on heat transfer rate for different
values of m in the nonlinear case with = 0.5, € = 0.8.

Grid independence was verified by employing various grid densities
within the range M & [0,5]. The results indicate that the fin efficien-
cy decreases with increasing M and falls below 20% when M > 5.
Therefore, investigating values of M greater than 5 is not practical.
For the linear case, shown in Figure 2(a), The FVM relative error
compared to the analytical solution increases with M and reaches
its maximum at M = 5. With a 30-element grid, the maximum er-
ror remains below 0.4%, satisfying the convergence criterion. For
the nonlinear model (Figure. 2(b),) a comparison between 30- and
40-element grids yields errors of only 0.005% (for m = —1/4) and
0.013% (for m = 2). Hence, a resolution of 30 elements along the fin
length was deemed sufficient to ensure grid independence and was
adopted throughout this study.
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Figure 3. Comparison of the dimensionless temperature
distribution 0 (X) predicted by the developed FVM model with
results from (a) OpenFOAM and the exact analytical solution for
a rectangular fin (m =0, 3 =0, € = 0), and (b) OpenFOAM for
triangular and rectangular fins in the nonlinear case (m = 1/3, f =
0.5,e=0.8).

The validation of the FVM and OpenFOAM model for the linear
and nonlinear problems is presented in Figure 3. For the linear case,
the FVM results show excellent agreement with the exact solution
for both parameters M = 1 and M = 1.5, with the mean relative errors
of 0.002% and 0.003%, respectively. Additionally, good agreement

was found for the OpenFOAM model, with corresponding errors
0f 0.021% and 0.061%. In the nonlinear case, a close match was also
observed between the FVM and OpenFOAM results, with the mean
relative error of the FVM compared to OpenFOAM equal to 0.009%
for the triangular profile and 0.02% for the rectangular profile. The
temperature contours for both fins, obtained from the OpenFOAM
model, are presented in Figure 4, in which the triangular fin exhibits
a higher temperature gradient along its length than the rectangular
fin. Because the problem size was relatively small, both the present
solver and OpenFOAM completed the computation within a few
seconds, and no significant difference in CPU time was observed.
Therefore, the comparison focuses on accuracy and numerical reli-
ability rather than computational speed.

TIK]
330 335 340 345 350 355 360 365

Figure 4. Temperature contour obtained from the OpenFOAM
model with m = 1/3, B = 0.5, e = 0.8 of the triangular fin (left) and
rectangular fin (right).

Figure 5 presents the impact of the thermal conductivity parame-
ter B on the temperature profiles of both fins, using the FVM and
OpenFOAM. There is a strong agreement between the results of the
two models. The largest mean relative errors occur for the cases with
the thermal conductive parameter = -1: 0.014% and 0.027% for
the triangle and rectangular profiles, respectively. It is observed that
an increase in the thermal conductive parameter B leads to higher
temperature values within the fins.
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Figure 5. Dimensionless temperature distribution obtained from
the FVM and OpenFOAM model with different values of {§ for the
rectangular profile (left), and triangular profile (right).
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the efficiency of the fins using both the FVM and OpenFOAM solu-
tion with various values of B, m and e. The comparison demonstrates
strong agreement between the FVM and the OpenFOAM model.
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Figure 6 presents the temperature distribution of the two fin pro-
files under different ambient temperatures using FVM and Open-
FOAM. The results demonstrate excellent agreement between the
two models, with the highest mean relative error being found for the
case with the ambient fluid temperature 6. = 0.8 being 0.012% and
0.021% for the triangular and rectangular fins, respectively. The fin
temperature rises as the ambient fluid temperature increases.

Dimensionless ambient temperature, 6,

Dimensionless ambient temperature, 6,

Figure 8. Variation of thermal efficiency predicted by the FVM for
different values of m, p and 0. for the rectangular profile (left), and
triangular profile (right)

The effect of parameters , m and 0. on the fin efficiency is shown in
Figure 8. It is observed that, at the same ambient fluid temperature,
the fin efficiency increases with increasing . This is because, as
increases, the temperature increases, the fin also increases, as shown
in Figure 5, consequently, the heat transfer Qs as given in Eq. (20),

1'0 * also increases. From Figure 8, it can be observed that within the
R S e et T 08 investigated ambient temperature range, the effect of ambient fluid
08 [ 06 temperature on fin efficiency depends on the value of . When p <0,
% g increasing the dimensionless ambient temperature enhances fin ef-
B0t Gos ficiency by up to 22.34% and 25.02% for triangular and rectangular
02 e o 02 [ T fins, respectively, in the case of m = 2. The corresponding improve-
I e | —me2 LI Y e ments for m = -1/4 are 18.01% and 19.04%. In contrast, when p >

%00 02 04 06 08 0 o 02 04 06 08 10 0, the eﬂiciency decreases by 9.13% and 9.44% for m = 2, and by

Surface emissivity, ¢ Surface emissivity, &

Figure 7. Thermal efficiency obtained from the FVM with different
values of m, e and B for the rectangular profile (left), and triangular
profile (right)

Figure 7 shows the fin efficiency as a function of 3, exponential con-
stant m and surface emissivity e for the two profiles using the FVM.
The efficiency of the fins increases when [ increases and the signifi-
cant higher efficiency found for the case with m = -1/4 compared to
the case having m =2. Increasing the fin surface emissivity has little
impact on efficiency, since radiative heat transfer is minimal due to
the small temperature difference with the ambient. Table 2 compares

8.7% and 7.2% for m = -1/4. For B = 0, the efficiency remains nearly
unchanged. To clarify this problem, consider the typical case of a
rectangular fin. When B < 0, the heat conduction coefficient of the
fin decreases as the temperature rises. This results in a steeper gradi-
ent of the temperature distribution along the fin, as shown in Figure
5. An increase in the ambient fluid temperature causes a small per-
centage decrease in Qs expressed as Q- Qa)/ Qs compared to
that of Q.. Consequently, the fin efficiency increases with rising
ambient fluid temperature. Conversely, when > 0, the percentage
decrease in Qis greater than that of Qi , leading to a reduction
in fin efficiency. The detailed effects of ambient fluid temperature on
Qf and Qadeal are shown in Table 3.

Table 2. Comparison of the efficiency of the fins using both the FVM and OpenFOAM

Triangular case

Rectangular case

€ m B MNrvm Mot err. Nevm Mot err.
(%) (%) (%) (%) (%) (%)

0.4 -1/4 -1 72.01 72.05 0.05 78.28 78.37 0.12
0.4 -1/4 1 77.49 77.52 0.03 83.32 83.38 0.07
0.8 2 -1 51.63 51.73 0.19 56.99 57.23 0.42
0.8 2 1 57.78 57.86 0.13 63.65 63.84 0.30
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Table 3. The effect of 0., B on the efficiency of the triangular fin with m = -1/4 from the FVM results.

B=-1
0. Qf Qideal
0.3 65.779 109.857
0.5 51.918 80.282
0.7 34.041 49.731
0.9 12.361 17.294

6. Conclusion

This study investigated straight fins with temperature-dependent
properties using a finite-volume numerical model. The nonlinear
governing equations for temperature distribution were solved with
Python’s fsolve function and validated against both exact solutions
and OpenFOAM, showing excellent agreement in linear and non-
linear cases. The model was applied to investigate the temperature
distribution and efficiency of rectangular and triangular fins over a
range of dimensionless parameters. Results show that ambient fluid
temperature affects fin efficiency in contrasting ways depending on
the thermal conductivity parameter: within the studied range, in-
creasing the ambient fluid temperature can increase efficiency by up
to 25% when [ <0, decrease it by up to 9% when {3 > 0, and remain
nearly unchanged when p = 0. The model provides an effective plat-
form for nonlinear thermal analysis and is currently being explored
for fin optimization. Future studies could investigate more complex
scenarios, such as transient heat transfer, two-dimensional fin ge-
ometries, and fins with internal heat generation. Sensitivity or un-
certainty analyses could further quantify the influence of parameters
on fin performance, thereby broadening the model’s applicability.

Nomenclature

A fin cross-sectional area, m’

A, area of the fin base, m’

A, surface area of a fin element, m’

CV control volume

H(0) dimensionless heat transfer coefficient

h, heat transfer at the fin base, W.m >.K '

h(T) variable heat transfer coefficient, W.m >.K '

K(0) dimensionless thermal conductivity

k, thermal conductivity at ambient temperature,
W.m K

K(T) variable thermal conductivity, W.m K

L fin’s length, m

M dimensionless convective-conductive parameter

N, dimensionless radiative-conductive parameter

m Exponent describing different heat transfer mech
anisms

n number of control volumes

P fin parameter, m

o} heat transfer, W

p=1
(%) Qf Qideal (%)
59.88 89.482 109.857 81.45
64.67 63.838 80.282 79.52
68.45 38.389 49.731 77.19
71.48 12.864 17.294 74.38
Qutea ideal heat transfer, W
T temperature of ambient fluid, K
T, temperature at fin base, K
T radiation sink temperature, K
t, thickness of the fin base, m
X dimensionless distance from the fin base
X distance from the fin base, m
w fin’s width, m
Greek symbols
a thermal diffusivity, m’s™"
B thermal conductivity parameter
€ surface emissivity of the fins
€, 0 mean relative error
m fin efficiency
0 dimensionless temperature
A parameter defining the variation of k(T),K ™"
o specific density, kg.m ™
o Stefan-Boltzmann constant, W.m K *
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