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The return to isotropy in anisotropic turbulence is a fundamental topic in turbulence research, providing critical insights into the structural 
evolution of turbulent flows. While turbulence originates in marked directional dependencies—driven by boundary constraints or external 
forcing—the decay toward an isotropic state remains a fundamental transition for accurate modeling. This evolution is particularly critical in 
configurations where thermal gradients are present. 

The present study uses Large Eddy Simulation (LES) to analyze the return to isotropy of anisotropic flows in the presence of a thermal field. We 
prioritize the intricate coupling between velocity and temperature fluctuations, a nexus governing many industrial and environmental transport 
phenomena. By dissecting the individual terms in the Reynolds-stress and heat-flux budget equations, this work quantifies the temporal dynam-
ics of the pressure-scalar correlation, identifying it as a pivotal closure challenge for advanced heat-flux parameterization.  Comparisons with 
direct numerical simulation data reported by Iida and Kasagi show good agreement, particularly when anisotropy weakens at times greater than 
2. These findings contribute to improved optimization of model constants, enhancing the accuracy of turbulence modeling.
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1. Introduction

The return to isotropy of anisotropic turbulence is a fundamen-
tal phenomenon studied extensively to analyze the structure 
of turbulent flows [1,2,3]. It also represents a key step in un-
derstanding the complexity of homogeneous turbulent flows 
and serves as a cornerstone for calibrating models of the finite 
part of the pressure-strain correlation and the pressure-scalar 
gradient correlation [4,5,6]. The concept of return to isotropy 
in turbulence refers to the process by which a turbulent flow, 
initially exhibiting anisotropic behavior, tends to become iso-
tropic over time, particularly at larger scales or in the absence 
of significant directional influences.

Within the realm of thermal fluid dynamics, the isotropization 
process governs the efficiency of numerous engineering appli-
cations. In turbulent convection—whether driven by buoyancy 
or external forcing—anisotropy typically emerges from sharp 
temperature gradients. As these flows evolve, the progression 
toward isotropy offers a pathway for simplifying heat transfer 
parameterizations. This return to isotropy is a bottleneck for 
better heat transport forecasts in boundary layers and for scal-
ing industrial exchangers or atmospheric models [7]. 

Effective thermal management in high-gradient systems such 
as furnaces and combustion reactors, depends on isotropiza-
tion dynamics. Similarly, in geophysical fluids, buoyancy and 
stratification forces dictate how eddies recover isotropy—a 
fundamental requirement for reliable climate mapping and 
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weather forecasting [8]. This scalability is also vital for environmen-
tal engineering, where plume isotropy determines the accuracy of 
pollutant dispersion and heat mitigation strategies.

The work of Rotta in 1951 was the first one [9], which introduced 
a linear relaxation framework to describe Reynolds stress evolution 
in homogeneous turbulence. This established theoretical scaffolding 
for decades of experimental and numerical validation. More than a 
decade later in (1966) Comte-Bellot and Corrsin utilized grid-gen-
erated turbulence to confirm that anisotropic states naturally decay 
toward isotropy when mean velocity gradients are absent [10]. By 
(1980), Gence and Mathieu investigated the impact of successive 
plane strains, revealing that the isotropization rate depends heavily 
on the directional distribution of turbulent energy, noting that spe-
cific anisotropic configurations may inhibit the process [11]. Choi 
and Lumley (2001) further advanced these findings by examining 
turbulence subjected to plane distortion and axisymmetric expan-
sion [12].

The resuls of direct numerical simulation from Iida and Kasagi [13] 
in the case of the return to isotropy of homogenoues turbulence 
imposed on a themal field with a temperature gradient can be con-
sidered the principal results during the last two decades.

Our study builds on this by using Large Eddy Simulation (LES) [14-
16] to investigate the same fundamental flow. We specifically aim to 
fill the gap in LES-based exploration of the effects of thermal fields 
on isotropization. While most models prioritize the velocity field, 
our work treats thermal gradients as a primary driver of the tran-
sition. By resolving large-scale structures and modeling sub-grid 
scales, we provide a more granular view of how thermal dynamics 
drive the return to isotropy.

LES which serves as an intermediate approach between DNS and 
Reynolds-Averaged Navier-Stokes (RANS) simulations [17-21], 
allows for the deterministic simulation of large-scale motions [22], 
while statistically modeling the influence of small-scale turbulence. 
This methodological choice motivates the structure of this work 
[23], which is organized as follows: The next section introduces the 
fundamental Reynolds-Averaged Navier-Stokes equations and the 
governing equations of the LES method, along with the compu-
tational conditions. The third section presents a comparison with 
the DNS results obtained by Iida and Kasagi. Finally, in Section 4, 
after a brief review of our previous work on a new formulation of 
a pressure–scalar gradient correlation model based on realizability, 
an optimization of the model constants is carried out numerically.

2. Basic equations

2.1. Transport equations of turbulent flow

The basic equations of turbulent flow in the absence of velocity gra-
dient are written as follows:
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are the pressure strain correlation term and dissipation term respec-
tively

Figure 1. Coordinate system and imposed temperature gradient 

With the same flow field, a constant mean temperature gradient as 
shown in figure 1, which would create a turbulent heat flux was im-
posed in the y-direction (or x2 direction) 

Then the budget equation of the turbulent heat flux is derived as 
follows: 

t
u Pi

i i i2
2 i

{ f= + -i i i 					     (4)

where 

P u xi i
i

2

2
2i= -i 						      (5)

and

( ) )x
u
xi

i

i

i2
2

2
2

f a o
i= +i 					     (7)

are production, scalar pressure gradient correlation and dissipation 
terms respectively.

2.2. Large eddy simulation method 

Large Eddy Simulation (LES) is one of the most prominent ap-
proaches developed by authors [14, 15, 22] over the past two de-
cades for studying flows of varying complexity. LES enables a more 
accurate representation of large-scale turbulent structures than 
RANS and is less computationally expensive than DNS. It allows for 
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a detailed modeling of the small-scale turbulence effects through 
subgrid-scale models, which play a crucial role in influencing the 
large-scale motions of the flow. This approach strikes a balance 
between computational feasibility and accuracy in capturing the 
essential features of turbulence.

The fundamental equations governing this method are as follows. 
In Fourier space, the filtered Navier-Stokes equations take the form 
[24,25]:
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Here, the terms eoK  and eol  represent the mean turbulent viscosity 
and the subgrid-scale (SGS) fluctuating turbulent viscosity, with 
G eol the “low-pass filter” applied isotropically.
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The turbulent sub grid model is based on the hypothesis of an effec-
tive viscosity, expressed in the following mean form as introduced 
by Lilly [26]:

( ) ( )C S S /
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In this expression, Sij is the rate of mean strain tensor of the mean 
flow, /K iA cD P= is the filter width (with Kc as the cut-off wave 
number, Cs=0.22 is the Smagorinsky constant and  is the kinematic 
viscosity [26].

The spectral equation associated with the filtered temperature field, 
as discussed in [14, 26], is written as follows:
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mean thermal diffusivity, fluctuating thermal diffusivity, and the 
mean temperature gradient, respectively. (Pr and Prt represent 
Prandtl number and turbulent Prandtl number respectively) where  
ν =0.00294 and Pr =0.7

In previous works, Schiestel [24, 25] developed a Large Eddy Simu-
lation (LES) method based on a pseudo-spectral approach to study 
kinematic homogeneous turbulence with initial anisotropy. Build-
ing upon this framework, the present study [24] extends the code 
to account for a passive scalar introduced by a constant mean tem-
perature gradient in the x2 direction. The flow remains kinematic 
and is initially anisotropic. This extension enables a more detailed 
investigation of the coupling between thermal and velocity fields, 
offering insights into scalar transport mechanisms driven by turbu-
lence. Numerical simulations are carried out on a 643grid (Figure 
2 – Annex 1), within a cubic domain of side length L=2π, with pe-

riodic boundary conditions applied on all faces.  See Annex 1 for 
more details.

The initial energy spectrum is given by:

( ) ( )expE k k
q k
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Where k is the three-dimensional wave number, kp=4.12 and 
q0=0.29.

The dimensionless form of these quantities is obtained by compar-
ison to the wave number of the first grid point k1 and the reference 
means constant velocity of the fluid, U. This scaling allows for a con-
sistent non-dimensionalization of the simulation parameters, facil-
itating the comparison of results across different flows and setups

3. Results and discussions

Figure 3 illustrates the time evolution of the Reynolds stress tensor 
components, with solid lines representing our simulation results 
and circles denoting the DNS results of Iida and Kasagi. A quali-
tative agreement is observed between the two sets of results. The 
Reynolds stress components decrease with increasing time from t=0 
to t=5. However, our simulation tends to overestimate values relative 
to the DNS results reported by Iida and Kasagi.

Figure 3. Time Evolution of u22

Figure 4 presents the time evolution of the principal component of 
the pressure-strain 22{ correlation (the redistribution term). The 
same legend as in Figure 3 is used to ensure consistency. Good qual-
itative agreement is observed between our results and the DNS of 
Iida and Kasagi. However, the quantitative agreement is only evident 
for times t greater than 2. For times t less than 2, our results under-
estimate the evolution predicted by the DNS. This discrepancy sug-
gests that the Smagorinsky model employed in this study to model 
the subgrid-scale terms is unable to fully capture the influence of 
low-Reynolds-number effects, which are more clearly observed in 
the DNS results. The classical Smagorinsky model does not account 
for fluid viscosity, which limits its accuracy at low Reynolds num-
bers.
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Figure 4. Time Evolution of 22U  

We now turn our attention to the thermal field. Figures 5, 6, 7, 8, 
and 9 illustrate the time evolution of the turbulent fluxes and their 
associated budgets.

Figure 5. Time Evolution of u2i

Figure 5 presents the time evolution of the turbulent flux. Our 
LES results show strong agreement with the DNS data from Iida 
and Kasagi, particularly at later times. The asymptotically constant 
values reached in our simulations confirm the trends predicted in 
their study. However, for early times (t<2), noticeable discrepancies 
appear, reflecting the limitations of the classical Smagorinsky sub-
grid-scale model in capturing low Reynolds number effects. During 
this phase, the flow remains highly anisotropic, and the model fails 
to reproduce the DNS values with sufficient accuracy—this consti-
tutes one of its main shortcomings. As time advances (t>2), the flow 
becomes increasingly isotropic, and the agreement between LES and 
DNS improves significantly.

Figure 6.  Time evolution of the temperature-gradient correlation 
term

Figure 6 presents the time evolution of the redistribution term   in 
the pressure-temperature - gradient correlation. Excellent agree-
ment is observed between our results and the DNS results of Iida 
and Kasogi for times greater than 2.5. However, for t less than 2.0, 
only qualitative agreement is observed. Both sets of results exhibit 
an initial decay phase, with the simulations showing similar trends 
up to t=1. 

Figure 7. Time evolution of production term

In Figure 7, we show the time evolution of the production term P2i . 
Again, we observe excellent quantitative and qualitative agreement 
between our results and those reported by Iida and Kasagi for t 
greater than 2. However, for times less than 2, our results slightly 
underestimate the DNS results.

Figure 8 presents the time evolution of the dissipation term 2f i . Only 
qualitative agreement is observed between our results and those of 
Iida and Kasagi. Both simulations show an initial decay phase. How-
ever, in the DNS results, there is a slow increase from t=1 to t=2.5 
whereas our results quickly reach asymptotic equilibrium values 
starting from t=1.5

Figure 8. Time evolution of the dissipation term

The results indicate that for t<2, the flow remains strongly anisotro-
pic, and the Smagorinsky model fails to accurately reproduce the 
DNS results, highlighting its main limitation. As time progresses 
(t>2), the turbulence becomes increasingly isotropic, leading to im-
proved agreement between LES and DNS.

This temporal evolution illustrates the gradual return to isotropy. 
Anisotropic features inherited from the initial conditions domi-
nate the early flow. With time, nonlinear interactions and energy 



1262L. Chouchane and M. Bouzaiane

redistribution mechanisms promote the decay of these structures, 
ultimately resulting in a statistically isotropic state. This behavior is 
consistent with classical theories of return to isotropy, such as Rotta’s 
model and rapid-distortion turbulence frameworks. Quantitative 
analysis confirms this trend, with decay rates and spectral energy 
redistribution aligning with theoretical predictions.

A key limitation of the subgrid-scale (SGS)model, particularly 
at low Reynolds numbers, lies in its inadequate representation of 
small-scale turbulence dynamics. Due to limited grid resolution, 
the model often assumes isotropy in regions where anisotropic ef-
fects prevail, resulting in inaccurate predictions of turbulent stress-
es. Moreover, the closure assumptions in SGS models may fail to 
capture the complex interactions between large and small eddies, 
especially in structured, weakly dissipative turbulence typical of low 
Reynolds number flows. 

4. Calibrations of models constants 

The results of the large eddy simulations (LES) are examined in the 
context of a new calibration of the model coefficients associated 
with the return-to-isotropy term in the pressure-scalar gradient 
correlation. In a previous study, Bouzaiane and Lili [27], as well as 
Gaaliche et al. [28], proposed and tested a nonlinear model for the 
return-to-isotropy term. At this stage of our work, we will briefly 
review key aspects of these prior contributions.

We have developed a model for the return-to-isotropy of the pres-
sure-scalar gradient correlation in the following form [26]:

( )q C u C b u C b b u2i i ij j ik kj j2 1 2 3{
f

i i i= - + +i 		                 (13)

This model can be considered an extension of the return-to-isotro-
py model for the pressure-strain correlation, originally proposed by 
Sarkar and Speziale [6]:
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where the coefficients .3 41a =  and ( ) .3 2 4 22 1a a= - =  are derived 
from a stability analysis of the fixed points and the strong form of 
the realizability condition for the kinematic field, which is expressed 
as follows:
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du 01
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The concept of realizability was initially introduced by J. Lumley [1] 
and was used by Sarkar and Speziale [6] to construct their model. 
In a similar manner, we applied the strong form of the realizability 
condition for the thermal field in previous work [26, 27], as intro-
duced by J. Lumley, through the positive tensor D [1], where its 
components are given by:

D u u u uij i j i j
2i i i= - 				                    (16)

The realizability condition for the thermal field is written as:

dt
dD 011 $ 					                     (17)

After a straightforward development, we arrive at the final condition 
that our coefficient model must satisfy:
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Here, ,II IIb D  are scalar invariants derived from tensors b and D, 
and r represents the ratio of the mechanical to the scalar time scale.

The optimization process for the model coefficients C1, C2, C3   sub-
ject to the realizability condition, involves the integration of the heat 
flux transport equation using a finite difference scheme: 

t
u Pi

i i i2
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{ f= + -i i i 				                    (19)

In this equation, our model is introduced, and the defined criteri-
on is to find the coefficients C1, C2, C3  that minimize the difference 

( )err u ui
N

i
LESi iR= - between the values obtained from the nu-

merical integration of the equation and those from the LES method 

 After an extensive optimization process, the final values for the 
model coefficients are obtained as:

C1=7.75, C2=−3,C3=−3.   				                    (20)

These values also satisfy the strong form of the realizability condi-
tion.

Figure 9: Time evolution of turbulent heat flux components, 
comparing LES with the optimized model

Figures 9 and 10 illustrate the time evolution of the three compo-
nents of the turbulent heat flux (i=1,2, 3) and the pressure-scalar 
gradient correlation (i=1,2, 3). The symbols represent LES predic-
tions, while the lines correspond to results from the models with op-
timized coefficients. For the turbulent heat flux, excellent agreement 
is observed for the dominant component, which aligns with the tem-
perature gradient (dT/dx2​). The remaining two components of the 
turbulent heat flux are weak, showing only qualitative agreement. 
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For the components of the pressure-scalar gradient correlation, the 
model with the new optimization provides a good approximation of 
the LES values.

Figure 10. Time evolution of pressure-scalar gradient correlation, 
comparing LES with the optimized 

IIID

Figure 12. Time Evolution of the second invariant IID on the third 
invariant IIID

The choice of the coefficients C1 , C2 and C3 is now justified based 
on the realizability condition. Lumley introduced the realizability 
triangle for any positive-definite tensor (such as b and D — see fig-
ure 11 Annex 2), in which the second invariant is plotted against the 
third invariant. According to Lumley [1] , any physically realizable 
turbulence solution must produce values that lie within this triangle. 
The boundaries of this triangle correspond to limiting cases, namely 
axisymmetric turbulence and two-dimensional turbulence.

Figure 12 presents the second invariant of tensor D (tr (D.D)) plot-
ted against the third invariant (i.e., tr (D.D.D)). It is evident from 
this figure that the selected values of the coefficients satisfy the 
strong form of the realizability condition, as they lead to predictions 
that remain within the bounds of the Lumley triangle.

5. Conclusion 

The return to isotropy in homogeneous turbulence is widely re-
garded as a canonical flow that provides a framework for studying 
various turbulence mechanisms. This phenomenon is relevant to 
numerous applications, including thermal convection, meteorology, 
oceanography, and various industrial and engineering processes.

In this work, we employed large eddy simulation techniques to 
investigate the return to isotropy of turbulence in the presence of 
a thermal field subjected to a constant mean temperature gradi-
ent.  The numerical code developed by R. Schiestel was extended 
to capture thermal quantities such as heat flux, the pressure-scalar 
gradient correlation, and the dissipation term. The results were 
compared with those from direct numerical simulations by Iida and 
Kasagi, and good overall agreement was found for most kinematic 
and thermal turbulence parameters. Divergences were observed for 
time evolutions below 2.5, primarily in the components of heat flux 
and in those of the pressure-scalar-gradient correlation. 

We believe that a finer mesh of the order of 128³ or more could 
improve our results. Additionally, incorporating corrections to the 
Sub-CS) Scale (SGS) models such as the Dynamic Smagorinsky 
Model, which automatically adjusts the Smagorinsky coefficient 
(CS)—could significantly improve the results and represents a prom-
ising direction for future work. 

Large Eddy Simulation was also used to optimize the model con-
stants of the return-to-isotropy term in the pressure–scalar gradient 
correlation model, subject to strong realizability constraints. The 
optimized constants (C1, C2, and C3) minimized deviations between 
LES results and model predictions. Moreover, the evolution of the 
second and third invariants remained within Lumley’s realizability 
triangle, confirming the physical consistency of the approach.

This work enhances the accuracy of turbulence models, particularly 
in thermal flows, and supports the optimization of turbulent flow 
simulations in practical engineering applications, such as heat trans-
fer in combustion chambers and climate modeling. Future research 
will explore homogeneous sheared turbulence, rotating flows, and 
stratified turbulence to extend the proposed model to more complex 
turbulent systems.
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Nomenclature
( / ) ( / )b u u K2 3ij i j ijd= - 	 Reynolds stress anisotropy tensor

K		  Turbulent kinetic energy [m2/s2]
P		  Production due to mean kinetic and scalar gradients
p		  Pressure[N/m2]
t		  Time [s]
T		  Temperature [°C]
ui		  i-th component of the fluctuating velocity [m/s]
Ui 		  i-th component of the mean velocity [m/s]
u ui j 		  Reynolds stress tensor [m2/s2]
uii 		  Turbulent scalar flux [m°C /s]
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xi		  Component of orthonormal Cartesian coordinate 	
		  system [m]

Greek symbols
α		  Thermal diffusivity of fluid [m2/s]
ijd 		  Kronecker symbol

ε		  Dissipation due to molecular effects [m2/s3]
θ		  Fluctuation of the scalar temperature [°C]
2i 		  Temperature variance [°C2]

μ		  Dynamic viscosity [kg.m-1.s-1]
ν		  Kinematic viscosity [m2/s] 
ρ		  Density of the fluid [kg.m-3]
ij{ 		  Pressure-strain correlation   [m2/s3]
i{ i 		  Pressure-scalar gradient correlation [°C m/s2]
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Appendices

Appendice 1 

Discretization of the cubic domain with periodic boundary condi-
tions

Figure 2. Discretization of the cubic domain with periodic 
boundary conditions

Periodic boundaries conditions mean  that at the edges of the do-
main (i.e., the faces of the cube), the values of the variable (the ve-
locity) are replicated.  This emplies that :

U(x+L,y;z)=U(x,y,z)

U(x,y+L,z)=U(x,y,z)

U(x,y,z+L)=U(x,y,z)

To match the conditions of Iida and Kasagi, the dimensionless initial 
parameters were set as follows:

•	 Kinematic viscosity: ν=0.00294
•	 Kinetic energy :  E=0.29
•	 Energy peak: kp​=4.12

•	 Dissipation rate: ε=0.474

Appendice 2

Figure 11. Triangle of realizability of Lumley

Here the limits of the triangle correspond to the limit case of ax-
isymmetric turbulence and bi-dimensional turbulence

Figure 11. Triangle of realizability of Lumley

Here the limits of the triangle correspond to the limit case of ax-
isymmetric turbulence and bi-dimensional turbulence

Figure Captions

Figure 1 Coordinate system and imposed temperature gradient 

Figure 2. Discretization of the cubic domain with periodic boundary 
conditions

Figure 3. Time Evolution of u22

Figure 4. Time Evolution of 22U

Figure 5. Time Evolution of u2i

Figure 6. Time evolution of the temperature-gradient correlation 
term

Figure 7. Time evolution of the production term

Figure 8. Time evolution of the dissipation term
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Figure 9. Time evolution of turbulent heat flux components, com-
paring LES with the optimized model

Figure 10. Time evolution of pressure-scalar gradient correlation, 
comparing LES with the optimized 

Figure 11. Triangle of realizability of Lumley

Figure 12. Time Evolution of the second invariant IID on the third 
invariant IIID


