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ABSTRACT

The study explores turbulent forced convection of hybrid nanofluids in a three-dimension-
al L-shaped channel using COMSOL Multiphysics. The hybrid nanofluid comprises copper 
and aluminum oxide particles dispersed in water, with volume fractions of 0.01 (1%), 0.04 
(4%), 0.07 (7%), and 0.1 (10%). Simulations are conducted for forced convection under Reyn-
olds numbers ranging from 10,000 to 40,000. The partial differential equations of the Na-
vier-Stokes, κ − ε model of the turbulence, and the three-dimensional energy equation are 
employed to model the system. The turbulence kinetic energy and dissipation rates for the 
turbulent flow range from 2.99E-3 to 1.53 (m2 / s2) and from 0.2136 to 2524.1913 (m3 / s3), re-
spectively. This research is significant for advancing efficient heat transfer mechanisms, which 
are crucial for applications in cooling systems and energy devices. Key findings include the 
observation that the minimum temperature at the channel edges decreases with an increasing 
volume fraction of aluminum oxide and improves with copper addition. Copper consistently 
enhances the minimum temperature across all scenarios. The Nusselt number calculated us-
ing aluminum oxide is nearly ten times greater than that obtained using copper. The friction 
factor initially increases along the channel length and then decreases, showing minimal sen-
sitivity to variations in the volume fractions of copper and aluminum oxide. Using multiple 
linear regression, predictive equations for the average temperature and Nusselt number at the 
outlet were developed based on the Reynolds number and the nanomaterial volume fractions. 
The novelty of this work lies in the exploration of a three-dimensional L-shaped channel to 
analyze its thermal behavior, offering significant insights for engineering applications and de-
sign improvements. Furthermore, the study provides a novel contribution by deriving linear 
regression equations for the average Nusselt number and average temperature, which have not 
been addressed in previous literature. The absolute error for the average temperature equation 
ranges from 0.005 to 1.6, while for the Nusselt number, it varies between 0.368 and 1.6, ensur-
ing high accuracy of the regression model.
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INTRODUCTION

Heat transfer in fluid dynamics plays a significant role 
in optimizing solutions in the industrial sector [1-3]. Many 
practical applications of heat transfer are found in indus-
tries to enhance energy production and develop efficient 
heat exchangers [4-6] and [7-10]. Heat transfer is also cru-
cial in the design of efficient solar collectors, and some-
times, the use of porous materials can further improve heat 
transfer [11-14] and [15, 16]. Initially, the focus was on 
using conventional fluids like ethylene glycol, oil, and water 
to achieve efficient heat transfer. The second approach 
involved incorporating metallic particles with high thermal 
conductivity to enhance heat transfer rates. To explore this 
second idea, researchers conducted an experiment involv-
ing the transport of metallic particles through conventional 
fluids to assess thermal performance [17]. The results of 
this experiment demonstrated that the transport of nano-
fluids significantly enhances heat transfer rates. Following 
this breakthrough, numerous experiments were conducted 
to fully harness the potential of nanofluid transportation. 
Many research articles have been published proposing 
methods to control the rate of heat energy distribution 
through the transport of nanofluids. Initially, only individ-
ual types of nanoparticles, such as copper, aluminum oxide, 
magnesium oxide, and copper oxide, were mixed with the 
base fluid to enhance heat transfer. Numerous research 
papers and experiments have explored optimizing heat 
transfer using various approaches, such as applying electric 
and magnetic fields and examining the effects of different 
nanoparticle shapes [18-20]. Scientists and researchers ded-
icated nearly two decades to investigating and enhancing 
heat transfer until the third idea emerged. The third idea 
involves using hybrid fluids, where a mixture of multiple 
nanoparticles is dispersed in the fluid to further enhance 
heat transfer efficiency.

Owing to its excellent thermo-physical properties, the 
hybrid mixture yields remarkable results for heat transfer 
[21]. The combination of Al2O3 and multi-walled carbon 
nanotubes was selected to be suspended in oil as the base 
fluid, flowing through the channel [21]. This was done at 
volume fractions of 0.125% and 1.5%, under ideal condi-
tions while maintaining temperatures of 25°C and 30°C. 
The uniformity of the mixture was assessed using the zeta 
potential tool. The study evaluated whether the flow was 
laminar or turbulent and found that all thermal proper-
ties, including pumping power, thermal conductivity, and 
convection, increased with the hybrid mixture’s volume 
fraction. Furthermore, this study established a significant 
correlation based on the viscosity of the mixture and its 
thermal conductivity, referencing available data. Another 
investigation involved the transport of Al2O3 and copper in 
water as the base fluid, within an open cavity, using the prin-
ciples of entropy and mixed convection [22]. Researchers 
analyzed the heat transfer within the cavity while maintain-
ing three adiabatic walls. The study evaluated the effects 

using three non-dimensional parameters (Rayleigh num-
ber (Ra), Hartmann number Ha and nanoparticles voluem 
fraction ϕ). It was observed that the average Nusselt number 
and entropy had an inverse relationship with the Hartmann 
number. Additionally, the heat transfer rate increased with 
the rise in the Richardson number and entropy production. 
In a separate analysis, a porous cavity was studied under 
natural convection conditions, with the transport of cop-
per and aluminum oxide driven by magnetic interactions 
across the entire domain [23]. The partial differential equa-
tions were discretized using the finite difference method 
along with upwind terms. The primary finding indicated 
that the average Nusselt number decreased when shifting 
the heat source. It was also noted that the Hartmann num-
ber negatively affected the speed of the hybrid mixture. 
Furthermore, the study clarified that the Nusselt number 
remained positive with varying volume fractions.

Researchers studied heat transfer within the cavity 
while maintaining three adiabatic walls. In some articles 
[24, 25], oil was used as the base fluid. In other studies, the 
investigation focused on using oil as the base fluid to com-
prehensively examine the convection process within the 
domain of interest [26-30]. Another convection problem 
was studied involving the flow of a mixture composed of 
95% aluminum and 5% zinc, employing a two-step numer-
ical approach under steady-state conditions [31]. Similarly, 
various studies have explored the heat dispersion process 
using hybrid nanofluids, with some utilizing ethylene gly-
col as the working fluid [32-34]. Various geometries have 
been explored in the past to optimize heat transfer rates 
when transporting hybrid mixtures. The flow of hybrid 
nanofluids has been investigated in L-shaped channels 
[35], three-dimensional U-shaped channels [36], lid-driven 
channels [37], square channels with various obstacles [38], 
triangular cavities [39], and backward-facing step channels 
[40]. These numerical and experimental investigations have 
aimed to enhance heat transfer rates in different flow con-
ditions, whether laminar or turbulent. These studies have 
considered both transient and steady-state flows, with the 
majority utilizing numerical simulations or experimental 
approaches. 

The study conducted a numerical investigation of tur-
bulent natural convection within a square cavity with 
heat-conducting walls, thermal radiation, and a heat source 
[41, 42]. It utilized a finite difference method and k–ε tur-
bulence model to simulate heat and mass transfer. Increased 
surface emissivity and thermal conductivity ratio gener-
ally enhanced the average total Nusselt number. However, 
higher surface emissivity alone reduced the average con-
vective Nusselt number. The study conducted numerical 
simulations of turbulent natural convection with thermal 
radiation in an inclined square enclosure with a heat source 
[42]. It focused on the effect of the inclination angle on fluid 
flow and heat transfer. Using the k–ε turbulence model 
and finite difference method, the study considered various 
parameters including Rayleigh number, inclination angle, 
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and surface emissivity. Results showed that increasing the 
inclination angle reduced the radiative Nusselt number. 
The objective of the project was to apply computational 
modeling to improve energy transport in engineering 
applications [43]. Research was done on turbulent forced 
convective energy transmission in a curved channel where 
the intake offered coolness and the upper wavy bound-
ary provided constant heating. On fluid motion as well as 
energy transport, the impacts of Reynolds number, undula-
tions number, and amplitude were examined. With a ripples 
number, significant energy carrier condensation was seen. 
In a conical diffuser, the study investigated turbulent flow 
of single and hybrid nanofluids [44]. It examined pressure 
losses and heat transfer at different Reynolds numbers and 
volume fractions of nanoparticles. Three forms of nanoflu-
ids, Al2O3, NEPCM_Al2O3, and nano encapsulated phase 
change material (NEPCM), were employed. The introduc-
tion of hybrid nanofluids made of nanoparticles, including 
and excluding phase change material (PCM), was a novel 
approach. The study found that the NEPCM nanofluid 
exhibited the most improved heat transmission and the 
least amount of pressure loss. It showed 15%, 10%, and 6% 
higher Nusselt numbers for NEPCM, NEPCM_Al2O3, and 
Al2O3, respectively. In comparison to the base fluid, there 
was a greater pressure drop, with a rise of 1% for NEPCM, 
3.5% for Al2O3, and 5% for NEPCM_Al2O3 nanofluid. A 
review article also can be visited in order to understand the 
service of turbulent flow in order to understand the heat 
transfer in a rectangular enclosure [45].

Research Gap and Relevance with Recent studies: Our 
study investigates turbulent forced convection of hybrid 
nanofluids in an L-shaped channel, utilizing a comprehen-
sive approach with multiple nanoparticle volume fractions 
and Reynolds numbers. Compared to previous studies, such 
as [46], which focus on thermal conductivity models and 
their Global Performance Index scores, our work provides 
detailed simulations on forced convection under specific 
flow conditions. Studies like [47] and [48] explore mixed 
and natural convection with different hybrid nanoflu-
ids, revealing significant heat transfer enhancements with 
nanoparticle volume fraction and fluid type, similar to our 
findings. Additionally, our work expands on [49], which 
examines heat transfer in steady laminar natural convec-
tion, by addressing more complex turbulent conditions and 
validating results using regression models. Our study’s use 
of Reynolds numbers and nanoparticle combinations offers 
a deeper understanding of convection behaviors, comple-
menting the results of these earlier investigations with prac-
tical application insights.

In this study, we investigate forced convection in an 
L-shaped channel using a hybrid nanofluid mixture of 
aluminum oxide and copper. The focus is on analyzing 
convection at the channel’s inlet with Reynolds numbers 
ranging from 10,000 to 40,000. A numerical simulation is 
performed using COMSOL 5.6, applying Galerkin’s Finite 
Element Method (FEM) to solve the governing equations, 

including the Navier-Stokes equation and the three-dimen-
sional energy equation. The study examines various volume 
fractions (1% to 10%) of the hybrid nanofluid in a water-
based fluid. We begin with a mesh independence study to 
evaluate parameters such as average velocity, average tem-
perature, and Nusselt number. The numerical results are 
validated against established correlations for local Nusselt 
number and experimental data. The main objective is to 
explore the effects of volume fraction and Reynolds num-
ber on heat transfer, focusing on the minimum temperature 
at the channel edges, the local Nusselt number along the 
channel, and the relationship between Darcy friction factor 
and temperature. To perform the most suitable post-pro-
cessing, a multiple linear regression procedure will be used 
to develop the regression equation related to the Reynolds 
number, copper volume fraction, and aluminum oxide vol-
ume fraction. Finally, researchers will compute absolute 
errors by comparing the numerical results with the predic-
tions from the regression equations.

Application of finding: The findings discussed in this 
research examine fluid flow and heat transfer through the 
use of hybrid nanofluids composed of copper and alumi-
num oxide, which have extensive applications in advanced 
cooling and thermal management systems. The tempera-
ture behavior within the L-shaped domain, along with the 
enhanced heat transfer rate achieved by increasing the 
Reynolds number and the nanoparticle volume fraction, 
can be applied in electronic cooling, efficient heat exchang-
ers, and energy systems, where effective heat dissipation is 
critical. Our derived regression equations for average outlet 
temperature and Nusselt number provide a practical tool 
for engineers to design systems with specific heat transfer 
and flow conditions. This article offers a detailed analysis 
of thermal and flow patterns in nanofluid channels, con-
tributing valuable insights for the expanding applications 
of nanofluids in engineering fields.

MATERIALS AND METHODS

The schematic diagram of the L-shaped channel is 
depicted in Fig. 1, which will be examined in the current 
article for its heat transfer characteristics via the conven-
tional process involving the hybrid mixture. The trans-
portation of the hybrid mixture comprises copper and 
aluminum oxides as nanoparticles in a water-based fluid. 
The three-dimensional geometry is structured with a hor-
izontal and vertical block joined together, maintaining 
a constant channel length for these blocks. In the block 
along the x-axis the width Ly = 50% Lx and the length along 
the z-axis Lz =10% Lx, while in a vertical block, the thick-
ness Ly = 10% Lx and width Lz = 50% Lx. In this physical 
geometry, the area is identified as the channel inlet, where 
the nano-mixture is introduced with an x-velocity. Zero-
pressure conditions and backflow are controlled at the end 
of the channel. Aside from these two boundaries, all other 
boundaries function as no-slip walls.
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To examine the distribution of heat energy along the 
selected channel, we plan to divide the channel into two 
sections, denoted as S1 and S2, where hot and cold tempera-
tures will be imposed, respectively, as shown in Figure 1. 
The hybrid mixture of copper (Cu) and aluminum oxide 
(Al2O3) will flow through the base fluid with volume 
fractions of 1%, 4%, 7%, and 10%. In order to assess the 
impact of forced convection through the L-shaped channel, 

Reynolds numbers ranging from 10,000 to 40,000 are uti-
lized. We employ COMSOL Multiphysics 5.6, a finite ele-
ment-based software, to create a numerical simulation of 
this problem, incorporating the turbulence and energy 
equations in three dimensions. Table 1 provides a detailed 
overview of the thermo-physical properties of the nano-
fluid and other parameters used in this study.

Figure 1. The schematic looks at the three-dimensional L-shaped channel with boundary conditions.

Table 1. Thermo-physical characteristics of the hybrid mixture and other parameters used in simulation [50-52]

Explanation Symbol Value
The volume fraction of Al2O3 ϕ1 0.01, 0.04, 0.07, 0.1

The volume fraction of Cu ϕ2 0.01, 0.04, 0.07, 0.1

Density of Al2O3 ρ1 3880 [kg/m3]

Density of copper ρ2 8954 [kg/m3]

The total density of the nanoparticles ρ

Specific heat of Al2O3 (cp)1 765 [J/kgK]

Specific heat of Cu (cp)2 383.1 [J/kgK]

Specific heat of nanoparticles cp

The total volume fraction of nanoparticles ϕ ϕ1 + ϕ2

Thermal conductivity of Al2O3 κ1 40 [W/mK]

Thermal conductivity of Cu κ2 386 [W/mK]

Total thermal conductivity of the hybrid mixture κ
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GOVERNING EQUATIONS AND κ − ε 
TURBULENCE MODEL

In this model, the velocity field vector is denoted by 
U, which is further characterized by the velocity compo-
nents u, v, and w, each possessing well-defined, contin-
uous first-order partial derivatives. The context involves 
the modeling and simulation of heat transfer phenomena, 
specifically the flow of high-Reynolds-number hybrid 
nanofluids. In this scenario, it is prudent to adopt the κ − ε 
model for investigation. This model proves to be an opti-
mal choice due to its incorporation of both Turbulence 
kinetic energy and Turbulence dissipation rate consid-
erations. Furthermore, the simulation encompasses a 
closed-channel geometry, such as an L-shaped chan-
nel, necessitating the selection of either a steady-state or 
time-independent study. These assumptions guide us in 
formulating the relevant equations, which are outlined 
below and also cited in [50-52].

Continuity Equation:	

	 	 (1)

Momentum Equation: 

	 	 (2)

κ − ε Turbulence Model:

	 	
(3)

	 	
(4)

Table 1. Thermo-physical characteristics of the hybrid mixture and other parameters used in simulation [50-52] (continued)

Explanation Symbol Value
The density of the water ρbf 998 [kg/m3]

Density of nanofluid ρnf

Specific heat of water (cp)bf 4182 [J/kgK]

Specific heat of the hybrid mixture (cp)nf

Thermal conductivity of the water κbf 0.597 [W/mK]

Thermal conductivity of the hybrid mixture κnf

Water viscosity µbf 0.000998 [Pas]

Nanofluid’s viscosity µnf

Hydraulic diameter dh 4A/P

Reynolds number Re 10,000-40,000

Inlet velocity uin

Cold temp Tcold 293.15 [K]

Hot temp Thot 323.15[K]

Area of the total surface Ar

The perimeter of the channel Pe

Velocity field U U=<u, v, w>

Temperature T

Turbulence kinetic energy κ

Turbulence dissipation rate ε
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	 	 (5)

	 	 (6)

Details of Physics On Boundaries Of L-Shaped Channel: 

	 	

(7)

	 	
(8)

	 	

(9)

	 	
(10)

Here n is a vector perpendicular to the selected surface.
Turbulence intensity = IT = 0.05, Turbulence length 

scale = LT = 0.0126, δ+
w = 11.06. 

Turbulence Variable [42]
κv σκ σε cµ cε1 cε2

0.41 1 1.3 0.09 1.44 1.92

It should be noted that the chosen ranges for turbulence 
kinetic energy and dissipation rates are compatible with 
the requirements for turbulence modeling in COMSOL 
Multiphysics. These values were carefully selected to ensure 
stable functioning of the turbulence model, enabling accu-
rate computation of velocity and thermal profiles. This sta-
bility is essential to produce physically meaningful results 
that reflect the realistic behavior of hybrid nanofluid veloc-
ities [53].

Modeling Assumptions:
To model this phenomenon through the three-dimen-

sional L-shaped channel the following assumptions will be 
made
1.	 The fluid flow is compressible, non-Newtonian and the 

time independent
2.	 The surface of the three-dimensional L-shaped channel 

is smooth no roughness was assumed along the upper 
or lower surface of channel

3.	 No back flow was assumed at the outelt of the channel
4.	 The initial values of the turbulent kinetic energy and the 

turbulence dissipation are enough to induce the turbu-
lent in the channel. 

5.	 The assumption ignores the dynamic interactions 
between nanoparticles and the fluid (e.g., Brownian 
motion, thermophoresis, or particle-fluid drag forces) 
and instead assumes the nanofluid behaves like a sin-
gle-phase fluid.

6.	 Nanoparticles are assumed to be uniformly distributed 
at all points within the fluid. This neglects any possi-
ble local variations in concentration, which can occur 
in reality due to effects like sedimentation or particle 
clustering.

7.	 To drive the regression equations for the average tem-
perature and the Nusselt number it is assumed that these 
variables are in a linear relationship with the Reynolds 
number, both volume fractions of the copper and alu-
mina nanoparticles. 

8.	 It is also assumed that we have sufficient data to form 
the linear regression equations. 

Computational Parameters

Ø	 Prandtl Number: 	 (11)

Ø	 Heat flux along the ith direction:

	 	
(12)

Ø	 Heat transfer coefficient: 	 (13)

Ø	 Bulk Temperature: 	 (14)

Ø	 Local Nusselt number: 	 (15)

Ø	 Average Nusselt number: 

Ø	  Where A is the area of 

the selected boundary.		
(16)

Ø	 Darcy Friction Factor: 	 (17)

Comsol Working Wagon Wheel
The software COMSOL flow algorithm is given below 

with the step-by-step procedure see Figure 2.

Overview of Methods For Non-Linear Pdes
For many decades, the question of how to solve nonlin-

ear partial differential equations (PDEs) related to real-life 
applications and phenomena has been a significant chal-
lenge. Without timely solutions, controlling such phenom-
ena becomes nearly impossible, often requiring substantial 
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effort and continuous economic resources. Fortunately, 
numerical methods for solving PDEs provide approximate 
results promptly, allowing for practical applications in 
real-world scenarios. Various numerical schemes are now 

available to solve both individual nonlinear PDEs and sys-
tems of nonlinear PDEs. Some of these methods, along with 
their advantages and disadvantages, are summarized in the 
following table.

Figure 2. COMSOL Working Algorithm [53].

Table 2. A short description of the numerical schemes that solve the non-linear PDEs
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Multiple Linear Regression Procedure
Let n (64 in this case) be the size of the total popula-

tion or the size of the dataset, and let k (3 in this case) be 
the number of total independent variables for which we 
are interested in writing the linear regression equation for 
a variable of interest. Let Y be the column vector which 
denotes the exact values of the dependent variable, and let 
Ŷ also be the column vector denoting the predicted values 
of the dependent variables through the correlation process. 
The sizes of both Y and Ŷ are n×1 (64×1  in this case). Let 
X be the matrix, considering the size of n×(k + 1) (64×4 in 
this case), which will have the values of the independent 
variables as the entries. Moreover, let B and E be the coef-
ficient vector and the residual vector, which will have the 
sizes of n×1 (64×1 in this case) and n×(k + 1) (64×4 in this 
case), respectively.

These all matrices defined as above can be written as 
follow:

	 	

(18)

Considering the above all matrices, we can write a sys-
tem in the matrix form as Y = XB + E where X is the matrix 
of independent k variable and this system can be written in 
equivalent form as:

	 	 (19)

Initially, the matrix Y and the matrix X of the val-
ues are given and then B, Y’ and E will be computed as 

. 
After computing the all above values the following 

ANOVA (Analysis Of Variance) table will be made.

Figure 3 (a-b). The schematic diagram for the meshing procedure of the L-shaped channel.

Degree of
Freedom (Df)

Sum of 
Squares (SS) 

Mean of the
Squares (MF)

F-Statistic

Regression DFR=k

Residual DFE=n-k-1

Total n-1
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After finding the F value a critical value will be searched 
Fa by using the F-Distribution Table that corresponds to the 
value (DFR, DFE) to decide the one of the hypothesis.

	 	
(20)

Where α = 0.05 is the significance level. The above pro-
cedure is referenced in [54-56]

Mesh Independent/Grid Independence Test and 
Validation with Literature

In numerical simulations like finite element analysis, 
achieving a high level of accuracy often requires an assess-
ment of how mesh density influences the results, commonly 
referred to as a “mesh independence” or “grid indepen-
dence” test. For the present study, an L-shaped channel is 
modeled to simulate the flow of a hybrid nanofluid mix-
ture of aluminum oxide (Al₂O₃) and copper (Cu) in water. 
The aim of the mesh independence study is to ensure that 
numerical results for average velocity, average temperature, 
and average Nusselt number are accurate and not signifi-
cantly affected by further refinement of the mesh. The 
mesh consists of multiple element types, including tetrahe-
dral, prism, triangular, and quadrilateral elements, which 
provide flexibility and ensure a robust representation of 
the geometry. The mesh refinement process systematically 
increases the number of elements to observe changes in key 
parameters. In Fig. 4 (a-c), the X-axis represents the total 
number of elements used in the simulation, while the Y-axis 
displays the computed values for average velocity, average 
temperature, and average Nusselt number. Each parameter 
stabilizes and converges to a nearly constant value when the 
number of elements reaches approximately 150,000, indi-
cating that further increases in mesh density have negligible 
effects. This convergence confirms that 150,000 elements 

achieve mesh independence for this model. However, to 
ensure the highest accuracy, the final simulation uses a 
mesh with 180,729 elements, providing additional refine-
ment beyond the convergence threshold. A complete struc-
ture of the mesh system can be seen in Table 3.

After completing the mesh independence study, we will 
validate the computational results in this study by compar-
ing them to the correlations available in references [50] and 
[51]. To achieve this, we calculate the local Nusselt number 
as a function of temperature using the two correlations (21) 
and (22) and apply the basic formula for the local Nusselt 
number, as depicted in Fig. 5. It is evident that the current 
methodology for obtaining numerical results aligns well 
with these correlations, and the numerical simulations con-
ducted using this software are expected to achieve an accu-
racy of approximately 98%.

Dittus and Boelter: 	 	 (21)

Dawid and Jan: 	 	 (22)

We have performed comparative validation with an 
experimental study, which reinforces our findings through 
a correlation with the Dittus-Boelter equation [50]. The 
experimental study utilized a reverse L-shaped channel to 
enhance thermal performance, benchmarking the exper-
imentally obtained Nusselt number against the Dittus-
Boelter correlation. This experimental work [56] also 
employed the κ − ε turbulence model, consistent with the 
model applied in our investigation. By using this model to 
analyze heat transfer characteristics in an L-shaped chan-
nel, we ensure alignment with established methodologies. 
As illustrated in Figure 6, our numerical results show strong 
agreement with the experimental data, affirming the robust-
ness of our approach and the validity of the outcomes.

Table 3. Final meshing construction information

Information Number of elements
Mesh vertices 47,217
Tetrahedra 1,35,954
Pyramids 1080
Prisms 42,490
Triangles 10,238
Quads 804
Number of elements at the edges of the channel 590
Number of elements of vertices 16
Minimum quality of the element 0.01484
Average qualities 0.5616
Element volume ratio 0.003468
Mesh volume 0.09 cm3

Total number of elements 1,80,729
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Figure 4(a-c). For the mesh-independent or grid-independent study (a) Vavg, (b) Tavg, and (c) Nuavg have been calculated.
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RESULTS AND DISCUSSION

In the current article, a numerical investigation of 
a three-dimensional L-shaped channel is conducted, 
employing hybrid nanofluids in the context of transport 
applications. The study utilizes the three-dimensional 
incompressible Reynolds-averaged Navier-Stokes equa-
tions and three-dimensional heat equations to analyze 
fluid dynamics and energy distribution within the channel. 
Copper and alumina nanoparticles, assumed to be spheri-
cal, are suspended in water as base fluids. The simulation, 

carried out using COMSOL Multiphysics 5.6 and finite ele-
ment method, successfully explores turbulent forced con-
vection under varying Reynolds numbers (10,000 to 40,000) 
and nanoparticle concentrations (0.01-0.1). This research 
aims to contribute to the control of minimum temperature, 
local Nusselt number (a ratio of convection to conduction 
processes), and Darcy friction factor vs the temperature by 
altering parameters. While this study is relatively rare in the 
fluid dynamics field, it holds significant applications due to 
the vertical separation of flow along the junction.

Figure 5. The evaluation of Nux against the temperature along the x-axis by using correlations and the present work at 
ϕ1 = ϕ2 = 1%.

Figure 6. Comparison of the average Nusselt number versus Reynolds number between the present study and previous 
studies.
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Minimum Temperature and Linear of Average 
Temparature

In Figure 7, a schematic diagram of a three-dimensional 
L-shaped structure is shown, with two edges depicted at 
the end. Our main objective is to discuss the minimum 
temperature at this section while altering two out of three 
parameters. We are focusing on the behavior of the min-
imum temperature at these two edges. Finally, a general 
regression equation will be provided that can be used for 
future predictions or for verifying the present investigation. 
The methodology will involve multiple linear regression 
steps to generate empirical equations.

In Figure 8(a-d), the minimum temperature is plotted 
against the increasing volume fraction of alumina and the 
Reynolds number. For each curve shown in these figures, 
the Reynolds number is fixed, while the volume fraction of 
copper is fixed for all figures, indicating that these results 
are for hybrid nanofluids. In Figure 8(a), for fixed Reynolds 
numbers and a fixed volume fraction ϕ2 = 0.01), the mini-
mum temperature decreases as the volume fraction of alu-
mina increases from 0.01 to 0.04, and then it increases for 
all Reynolds numbers from 10,000 to 30,000. However, at 
a value of 40,000 for the Reynolds number, the minimum 
temperature begins to decline at ϕ1 = 0.07, indicating that 
there are two critical values of ϕ1 where the behavior of 
the minimum temperature alters. In Figure 8(b), the min-
imum temperature is plotted against ϕ1 while fixing the 
Reynolds number for all curves, and the volume fraction 
of copper (ϕ2) is fixed at 0.04. Compared to Fig. 7(a), it 

can be observed that the minimum temperature always 
increases for all values of ϕ1 at Re = 10,000, which is also 
an indication of the application of hybrid nanofluids in 
heat transfer rate improvement. In both Figs 8(a) and 8(b), 
it can be understood that increasing the Reynolds number 
increases the minimum temperature at the two edges of the 
three-dimensional L-shaped channel. In Figure. 7(b), it can 
be observed that using the two Reynolds numbers of Re = 
30,000 and 40,000, the maximum minimum temperature is 
achieved at ϕ1 = 0.1.

In Figure 8(c) and Figure 8(d), the minimum tempera-
ture is analyzed against the increasing concentration of 
alumina in the base fluids, while the Reynolds number is 
fixed for each curve. We observe that in both figures, the 
minimum temperature increases with the enhancement of 
the Reynolds number for higher volume fractions of alu-
mina. While the concentration of copper was fixed at 0.07 
and 0.1 in both figures, we found that the minimum tem-
perature at the end of these two edges depends on both 
the Reynolds number and the concentration of nanopar-
ticles in the base fluids. However, from all these figures, it 
is very challenging to control the temperature at the two 
edges, and this depends on several factors, including the 
geometry. In Figure. 7(d), it can be easily understood that 
to achieve the minimum temperature for a high level of 
concentration of copper, the Reynolds number should be 
fixed at Re = 30,000.

To analyze the variation in minimum temperature pat-
terns with increasing copper nanoparticle concentration 

Figure 7. Edges pic for minimum temperature.
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Figure 8(a-d). The minimum temperature at the two edges of the channel against ϕ1 fixed Reynolds numbers (a) ϕ2 = 0.01 
(b) ϕ2 = 0.04 (c) ϕ2 = 0.07 and (d) ϕ2 = 0.1.



J Ther Eng, Vol. 12, No. 1, pp. 1−26, January, 202614

Figure 9(a-d). The minimum temperature at the two edges of the channel vs ϕ2 for fixed Reynolds numbers at (a) ϕ1 = 0.01 
(b) ϕ1 = 0.04 (c) ϕ1 = 0.07 and (d) ϕ1 = 0.1.



J Ther Eng, Vol. 12, No. 1, pp. 1−26, January, 2026 15

while keeping the Reynolds number constant, Figures 9(a-
d) are presented. After each figure, the alumina concentra-
tion is progressively increased. In Figure 9(a), an evident 
increase in minimum temperature at the outlet edges is 
observed with higher copper volume fractions for each 
fixed Reynolds number. A comparison with Fig 9(a) reveals 
that utilizing copper leads to a more rapid temperature 
increase at the two edges. Notably, at the lowest Reynolds 
number, the minimum temperature remains elevated, dis-
playing an irregular pattern for other Reynolds numbers. 
However, employing a copper volume fraction of 0.1 in the 
base fluids yields the highest minimum temperature for all 
Reynolds numbers due to copper’s superior thermal con-
ductivity compared to alumina nanoparticles.

In Figure 9(b), with the alumina volume fraction fixed 
at ϕ1 = 0.04 (compared to 0.01 in Figure 8(a)), an increas-
ing alumina concentration correlates with a higher mini-
mum temperature. This figure indicates that the maximum 
minimum temperature is attained at a Reynolds number of 
30,000. Here, for most Reynolds numbers, the minimum 
temperature straightforwardly increases. In Figures 9(c) and 
9(d), scrutinizing minimum temperature patterns by further 
increasing alumina nanoparticle concentration reveals a con-
sistent increase across all Reynolds numbers compared to the 
previous results in Figures 9(a) and 9(b). Notably, only at Re 
= 10,000 does the minimum temperature increase without 
obstruction. Additionally, using ϕ1 = 0.01 and 0.04 of cop-
per nanoparticles appears to be critical points, altering the 
pattern. For high Reynolds numbers and elevated copper 
nanoparticle concentrations, the minimum temperature at 
the two edges of the L-shaped channel increases, present-
ing an irregular pattern with increasing Reynolds number 
and volume fraction of copper and alumina nanoparticles. 
Overall, the successful outcome underscores that utilizing 
hybrid nanofluids consistently enhances heat transfer rates, as 
evident in the present results for the minimum temperature.

Physical reasons: The observed behavior is attributed 
to the physical properties of hybrid nanofluids and their 

interactions with flow dynamics within the domain. Copper’s 
superior thermal conductivity enhances the heat transfer rate, 
leading to increased minimum temperatures at the edges of 
the L-shaped channel. At very high Reynolds numbers, inten-
sified fluid velocity increases turbulent mixing, improving 
thermal energy distribution. The behavior at specific volume 
fractions occurs due to the balance between enhanced ther-
mal conductivity and increased viscosity from the nanopar-
ticle concentration, which can impede flow. Alumina’s lower 
thermal conductivity compared to copper results in varying 
contributions to heat transfer. The geometry of the L-shaped 
channel influences recirculation zones, creating localized 
temperature variations at the channel edges. Additionally, the 
interplay between nanoparticle concentration and Reynolds 
number determines the extent of boundary layer disruption, 
affecting heat transfer rates at the edges.

After analyzing the numerical results for the minimum 
temperature in Figures. 9(a-d) and 9(a-d) by altering the 
parameters, it was found that the volume fraction of both 
nanomaterials exhibits an irregular pattern in depicting 
the minimum temperature. In other words, the minimum 
temperature in the L-shaped channel appears to be inde-
pendent of the volume fraction of these nanomaterials in 
the base fluids. Therefore, based on these observations, we 
are drawing a conclusion through the linear regression pro-
cedure that will determine the average temperature at the 
outlet of the three-dimensional L-shaped channel using the 
multiple linear regression process, as given below:

	 	 (23)

According to this equation (23), the average tempera-
ture in this study depends purely on the Reynolds number 
in the case of turbulence investigation. The equation can 
also be used for future predictions when conducting sim-
ilar studies. However, the utility of this equation depends 
on the parameters used, as it provides only an estimation of 
the average temperature at the outlet. Table 4 summarizes 
the top parameter estimators that can be used to minimize 

Table 4. Top 10 minimum absolute errors when comparing the exact average temperature at the outlet with the tempera-
ture predicted by the linear regression

ϕ1 ϕ2 Re Tavg,Exact Tavg,Predicted |Tavg,Exact - Tavg,Predicted|
0.01 0.1 40000 307.64 307.645188 0.005188
0.1 0.07 20000 307.39 307.381188 0.008812
0.04 0.07 10000 307.24 307.249188 0.009188
0.07 0.07 40000 307.66 307.645188 0.014812
0.04 0.1 20000 307.4 307.381188 0.018812
0.1 0.1 10000 307.27 307.249188 0.020812
0.01 0.07 10000 307.2 307.249188 0.049188
0.04 0.1 10000 307.3 307.249188 0.050812
0.07 0.1 10000 307.19 307.249188 0.059188
0.01 0.01 20000 307.32 307.381188 0.061188
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absolute error in such studies. According to this table, when 
using ϕ1 = 0.01, ϕ2 = 0.1, and Re = 40,000, the absolute error 
due to the comparison of the exact average temperature and 
predicted average temperature is approximately 0.005528. 
The relation also defines that by increasing per unit of the 
Reynolds number the temperature rises by 0.0000132. 

Finally, a graph is attached summarizing the absolute error 
when predicting the original temperature using linear regression 

equation. It should be noted that by utilizing different ranges of 
three parameters, we have conducted 64 simulations. Figure 10 
suggests that approximately 30 numerical simulations yield a 
minimum absolute error of less than 0.2, while the maximum 
error that can be achieved when computing the average tem-
perature via the linear regression equation is 1.2.

Local Nusselt Number and The Linear Regression 
Equation of Average Nusselt Number 

Figure 10. The graph of absolute error due to the comparison exact average temperature at the outelt and the average 
temperture through the correlation vs the number of errors.
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Figure 11(a-f). The computational results for the local Nusselt number along the channel’s length for aluminum oxide and 
copper separately.
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It is crucial to measure the effectiveness of both convec-
tion and conduction processes in a domain, which depends 
on the heat transfer coefficient and thermal conductivity, 
respectively. The local Nusselt number or average Nusselt 
number is often measured during numerical investiga-
tions, serving as a good indicator for both convection and 
conduction. An increase in the Nusselt number suggests 
stronger convection, while a decrease indicates stronger 
conduction. For heat transfer investigation and optimi-
zation, two different nanoparticles, copper, and alumina, 
are suspended in base fluids. The aim is to analyze which 
nanoparticle contributes more to the convection process. 
Figure 11(a-f) compares local Nusselt numbers along the 
x-axis, considering the same volume fraction of nanomate-
rials in base fluids. Figures 11 (a) and 11 (b) show volume 
fractions for both nanomaterials set at 0.01, revealing an 
increase in local Nusselt numbers for each fixed Reynolds 
number. The maximum local Nusselt at the end of the x-axis 
improves with higher Reynolds numbers, indicating a sig-
nificant contribution of Reynolds number to convection 
enhancement. Comparatively, using alumina nanoparticles 
demonstrates a higher contribution to the enhancement of 
the convection process compared to copper nanomateri-
als. This is attributed to the stronger thermal conductivity 
of copper, which strengthens the conduction process. In 
Figures 11 (c) and 11 (d), with a volume fraction of 0.04, 
increasing the volume fraction of nanomaterials in base 
fluids enhances the local Nusselt number and convec-
tion process. Reynolds number also plays a crucial role in 
increasing convection, as seen in the measurement of the 
maximum local Nusselt number at the channel outlet with 
increasing Reynolds numbers. Figures 11 (e) and 11 (f) 
continue to confirm that higher volume fractions (0.07) of 
alumina and copper nanomaterials enhance the convection 
process along the x-axis. Alumina proves to be a superior 
nanoparticle for convection enhancement, and increasing 
Reynolds numbers further contribute to the local Nusselt 
number. In summary, using alumina nanoparticles is 

effective for increasing the convection process, while cop-
per excels in conduction due to its thermal conductivity. 
Additionally, an increase in Reynolds numbers significantly 
contributes to convection rate enhancement in the domain. 
After observing that the local Nusselt function is purely 
related to the Reynolds number and the volume fractions 
of both alumina and copper nanomaterials, further analysis 
is warranted. Therefore, to draw more conclusive results, 
a multiple linear regression process described in section 
(2.2) will be applied to establish the linear regression equa-
tion between the Reynolds number and the volume frac-
tions of both nanomaterials to yield or to predict the local 
Nusselt number at the outlet of the channel. The equation is 
described as follows:

	 	 (24)

Finally, Table 5 is attached, which describes the top 
10 minimum absolute errors obtained by comparing the 
exact Nusselt number values at the outlet with the pre-
dicted Nusselt numbers from the correlation. From the 
table, it can be seen that the correlation works well when 
the volume fraction of both nanomaterials is kept at 0.01 
and the Reynolds number is maintained at 30,000. The lin-
ear regression equation described above is only valid when 
investigating such a type of three-dimensional L-shaped 
channel using the κ − ε turbulence model and analyzing 
the thermal properties of hybrid nanofluids. The equation 
above suggests that increasing each unit of copper vol-
ume fraction and Reynolds number results in the average 
Nusselt number at the outlet increasing by 13.492917 and 
0.002245559, respectively.

Finally, a graph in Figure 12. is provided, where the 
absolute error (difference between exact and predicted 
average Nusselt numbers) is plotted against the total num-
ber of errors. Since multiple values of the parameters have 
been used, about 64 numerical simulations were con-
ducted to analyze the heat transfer characteristics for the 

Table 5. The top 10 minimum absolute errors when computing the difference between the exact average Nusselt number 
at the outlet and the predicted Nusselt number via correlation

ϕ1 ϕ2 Re NuExact NuPredicted |NuExact  - NuPredicted|
0.01 0.01 30000 79.513 79.14489417 0.36810583
0.01 0.04 30000 80.174 79.54968168 0.62431832
0.04 0.01 30000 79.801 79.14489417 0.65610583
0.1 0.01 10000 33.481 34.23309417 0.75209417
0.1 0.04 40000 101.23 102.0055817 0.77558168
0.1 0.1 30000 81.143 80.3592567 0.7837433
0.07 0.07 40000 101.62 102.4103692 0.79036919
0.04 0.1 40000 101.99 102.8151567 0.8251567
0.1 0.07 40000 101.58 102.4103692 0.83036919
0.07 0.01 10000 33.384 34.23309417 0.84909417
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three-dimensional L-shaped channel using turbulence 
modeling. The graph in Figure. 12. indicates that approx-
imately 30 simulations yield an absolute error of 1.1 when 
comparing the exact average Nusselt number with the 
predicted Nusselt number. The maximum absolute error 
achievable using the correlation as the predictor is 1.6. 

Calculation and Presentation of Darcy-Weisbach 
Friction Factor 

In this section, the relationship between temperature 
and the friction factor, as described by the Darcy-Weisbach 
formula, is analyzed along the x-axis. The pattern is also 
examined using the Reynolds number and volume frac-
tion of nanomaterials in the base fluids. Friction measures 
the fluid’s resistance due to increased material density. 
Figures. 13(a-d) and 14(a-d) illustrate the pattern of fric-
tion factor vs temperature. In Figures. 13(a-d), the vol-
ume fraction of alumina varies for each curve, while the 
Reynolds number is fixed. In Figure. 13(a), with a fixed Re 
= 10,000, the friction factor increases with temperature, 
reaches a maximum, and then decreases for each alumina 
volume fraction. Interestingly, the Darcy friction factor 
remains constant for all alumina concentrations, show-
ing a consistent pattern with increasing temperature. For 
ϕ1 = 0.04, Figure. 13(a) yields the maximum temperature 
with the same friction factor. In Figures. 13(b) and 13(c), 
Reynolds numbers of 20,000 and 30,000 are checked with 
increasing volume fraction of alumina. The friction factor 
vs temperature pattern remains the same as in Figure. 13(a), 
indicating an increase, peak, and decline. Additionally, an 
irregular pattern is observed with higher volume fractions 
in Figures. 13(b) and 13(c), reaching minimum and max-
imum temperatures at different phi values. Figure. 13(d) 
shows that the friction factor yields the maximum tem-
perature in the L-shaped channel with ϕ1 = 0.04. However, 
across all figures, increasing Reynolds number consistently 

leads to a decline in maximum temperature due to higher 
velocity and momentum forces in the channel. It’s notewor-
thy that increasing friction force reduces fluid density and 
mean flow velocity, allowing for better heat exchange with 
the surroundings.

In Figs 14(a-d), we investigate the relationship between 
the Darcy friction factor and temperature patterns by vary-
ing the volume fraction of copper and Reynolds number, 
with the alumina fraction fixed at 0.02. Notably, in Figure 
14(a), an intriguing observation emerges: as the volume 
fraction of copper increases, the temperature exhibits vari-
ation for a constant friction factor. This phenomenon, akin 
to previous findings (cf. Figure. 13(a-d)), reveals a non-lin-
ear trend whereby an initial rise in temperature coincides 
with an increase in the Darcy friction factor, reaching a 
peak before declining. Emphasizing the pivotal role of 
temperature control via volume fraction manipulation, 
we underscore the complementary influence of Reynolds 
number modulation. Moving to Figure 14(b), where the 
Reynolds number is set at 20,000, we observe a noteworthy 
shift in the position of friction factor-temperature profiles 
with increasing volume fraction. Specifically, at constant 
friction factors, ϕ2 = 0.1 yields higher temperatures along 
the x-axis compared to ϕ2 = 0.01. To provide a comprehen-
sive analysis, Figures 14(c) and 14(d) are introduced, fix-
ing Reynolds numbers at 30,000 and 40,000, respectively. 
Herein, a decrease in the maximum Darcy friction factor 
is evident with increasing Reynolds number, attributed to 
heightened fluid velocities or flow rates, thereby reducing 
frictional effects.

Furthermore, an intriguing irregularity surfaces in 
the friction versus temperature graph due to volume 
fraction alterations, underscoring the nuanced interplay 
between these variables. It is noteworthy that achieving 
precise control over the friction factor-temperature rela-
tionship solely via copper volume fraction manipulation 

Figure 12. The graph of absolute error vs the number of errors.
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Figure 13. Temperature and the friction factor along the length of the channel when ϕ2 = 0.01.
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Figure 14(a-d). Temperature and the friction factor along the length of the channel when ϕ1 = 0.01.
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Figure 15(a-d). Comparison of friction factor between the aluminum oxide and the copper keeping both the volume 
fraction equal at Re=10,000.
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proves challenging, underscoring the indispensable role of 
Reynolds number adjustments in elucidating this complex 
phenomenon.

Figures 15(a-d) present a comprehensive comparative 
analysis of both the Darcy friction factor and temperature, 
specifically examining the influence of various factors on 
these critical parameters. The study maintains a constant 
Reynolds number while considering equal volume fractions 
of aluminum oxide and copper nanoparticles. Notably, the 
results presented in Figure. 15(a-d) reveal an intriguing 
trend: the Darcy friction factor for aluminum oxide con-
sistently exceeds that of copper. This discrepancy can be 
attributed to the greater density of aluminum oxide com-
pared to copper, a pivotal factor affecting the flow dynam-
ics within the channel. Additionally, it’s essential to clarify 
that the temperature values indicated along the x-axis of 
these figures represent the overall temperature distribution 
across the entire channel length. The temperature profile 
is instrumental in understanding how heat dissipates and 
transfers within the channel under varying conditions. Of 
particular significance, we can observe a noteworthy rela-
tionship between the total volume fraction of the channel 
and the resulting temperature. As the total volume fraction 
increases, there is a corresponding escalation in tempera-
ture along the length of the channel. This finding under-
scores the importance of considering the impact of volume 
fraction variations on thermal behavior and serves as valu-
able insight for optimizing heat transfer processes within 
this system.

Physical reasons: The decline in the friction factor 
beyond certain temperatures in Figures 14(a-d) and 15(a-
d) is attributed to the interaction between fluid viscosity, 
thermal expansion, and flow dynamics. As the temperature 
increases, the viscosity of the hybrid nanofluid decreases, 
reducing flow resistance and, consequently, the friction 
factor at the channel edges. Additionally, rising fluid tem-
peratures lead to thermal expansion, which decreases the 
fluid density and further reduces flow resistance. The 
maximum friction factor occurs at a peak where there is 
an optimal balance between the fluid’s momentum and its 
decreasing viscosity. Beyond this peak, the reduction in 
viscosity dominates, causing the friction factor to decline. 
Higher Reynolds numbers also contribute to increased 
fluid velocity and turbulence, enhancing momentum forces 
and mitigating the effect of the friction factor. This behav-
ior remains consistent across varying volume fractions of 
copper and alumina, due to their distinct thermal conduc-
tivities and densities.

CONCLUSION

In the course of our present investigation, we metic-
ulously scrutinized the behavior of a three-dimensional 
L-shaped channel as it accommodated the flow of a hybrid 
mixture containing aluminum oxide and copper. Our pri-
mary focus revolved around the intricate dynamics of 

turbulent forced convection. This endeavor was under-
pinned by the application of the κ − ε turbulence model, 
which we expertly integrated with energy equations. The 
entire computational framework was adeptly executed 
through the Finite Element Method within the powerful 
COMSOL Multiphysics 5.6 platform. Our study encom-
passed a comprehensive spectrum of scenarios, each metic-
ulously engineered to explore various volume fractions 
for both nanoparticles. Specifically, we considered volume 
fractions of 0.01, 0.04, 0.07, and 0.1 while subjecting the 
fluid to a range of Reynolds numbers spanning from 10,000 
to 40,000. To ensure the robustness of our findings, we con-
ducted a rigorous mesh-independent study and systemat-
ically validated our results against established correlations 
for the local Nusselt number. The culmination of our exten-
sive numerical investigations unveiled several noteworthy 
insights and observations.
Ø	 The minimum temperature initially decreases with an 

increasing aluminum oxide volume fraction, followed 
by an increase. This behavior is specifically observed at 
Reynolds numbers ranging from 10,000 to 30,000 and at 
copper volume fractions of 0.01 and 0.04

Ø	 The addition of copper enhances the minimum tem-
perature at both edges of the channel. Furthermore, 
an increase in Reynolds number consistently raises 
the minimum temperature across all scenarios in our 
simulation.

Ø	 Notably, increasing the copper volume fraction consis-
tently improves the minimum temperatures at the chan-
nel’s two edges.

Ø	 Applying the linear regression procedure, it was found 
that the average temperature at the outlet depended 
solely on the Reynolds number. It was observed that the 
average temperature increased by a value of 0.0000132 
for each unit increase in the Reynolds number. Using 
this correlation for the average temperature at the outlet, 
the minimum and maximum absolute errors achieved 
were 0.005188 and 1.6, respectively.

Ø	 In comparing the local Nusselt numbers for aluminum 
oxide and copper, a outstanding observation emerges: 
the local Nusselt number for aluminum oxide surpasses 
that of copper by a factor of approximately 10.

Ø	 Applying the multiple linear regression procedure, a 
linear regression equation for the average Nusselt num-
ber was derived. According to this equation, the aver-
age Nusselt number at the outlet depends solely on 
the copper volume fraction and the Reynolds number. 
Using this correlation, it was determined that the aver-
age Nusselt number at the outlet increases by 13.492917 
and 0.002245559 when one unit of volume fraction and 
Reynolds number is increased, respectively. By utilizing 
this linear regression, a minimum error of 0.36810583 
and a maximum error of 1.6 can be achieved.

Ø	 The Darcy friction factor shows a clear pattern, increas-
ing along the channel length to a maximum before grad-
ually decreasing. This trend is consistent across all cases. 
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The factor’s response to volume fraction changes in cop-
per and aluminum oxide is non-deterministic, meaning 
it may either increase or decrease. Moreover, the Darcy 
friction factor decreases as the Reynolds number rises.

NOMENCLATURE

U	 Velocity field
u	 x-component of velocity
v	 y-component of velocity
w	 z-component of velocity

	 Gradient operator

I	 Identity vector
P	 Pressure
µnf	 Hybrids nanofluids viscosity
µT	 Turbulent viscosity (Eddy Viscosity)
κ	 Turbulent kinetic energy
pκ	 Kinetic energy production
ε	 Energy Dissipation rate
Lx	 Length along the x-axis
Ly	 Length along the y-axis
Lz	 Length along the z-axis
uin	 Inlet velocity
Re	 Reynolds number
κ0	 Initial kinetic energy
ε0	 Initial dissipation rate
IT	 Initial turbulence intensity
LT	 Initial turbulence length
n	 Normal vector on the boundary
pout	 Pressure at outlet
Th	 Hot temperature
δ+

w	 Wall distance
Tc	 Cold temperature
κv, σκ, σε, cµ, cε1, cε2	 Model parameters
τw	 Wall shear stress
T	 Transpose
Umean	 Mean velocity
Avg	 Average
Nu	 Nusselt number
Pr	 Prandtl Number 
Q	 Heat flux
X	 x-axis
Y	 y-axis
Z	 z-axis
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