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ABSTRACT

This study aims to look into the temperature distribution on a vertical flat plate with a variable 
temperature boundary condition. As a novelty, the variable temperature is considered on the 
wall, and coupled momentum and energy equation are solved. Moreover, a novel variable 
change transforms the infinite boundary condition into the finite one. The partial differential 
governing equations were introduced and transformed into ordinary differential equations 
form using the similarity solution. The obtained equations were numerically solved and val-
idated using previous research. The results showed that for a constant variable temperature 
index (n), increasing the Prandtl number (Pr) from 0.1 to 2 reduces the dimensionless max-
imum velocity by less than half and the skin friction coefficient by about 32%. In this case, 
the dimensionless temperature approaches zero faster; as a result, the thermal boundary layer 
thickness declines, and the Nusselt number (Nu) rises. Furthermore, for a constant Pr, when n 
increases from 0 to 1.5, the dimensionless maximum velocity and the skin friction decrease by 
about 38% and 23%, respectively. Since the dimensionless temperature continues to descend-
ing trend, Nu still rises in this case.

Cite this article as: Ghamati M, Askari N, Abbasi M, Moghimi SM, Khodadi SM, Taheri MH. 
Numerical analysis of coupled fluid flow and natural heat transfer on a vertical flat plate. J 
Ther Eng 2024;10(1):1−9.

Research Article

Numerical analysis of coupled fluid flow and natural heat transfer on a 
vertical flat plate

Mehdi GHAMATI1 , Nematollah ASKARI1 , Morteza ABBASI2 , Seyed Morteza MOGHIMI3 , 
Seyed Masoud KHODADI1 , Mohammad Hasan TAHERI1,*

1Department of Mechanical Engineering, Faculty of Imam Khomeini, Behshahr Branch, Technical and Vocational University
(TVU), Mazandaran, 1435661137, Iran

2Department of Mechanical Engineering, Sari Branch, Islamic Azad University, Sari, 1477893855, Iran
3Department of Mechanical Engineering, Qaemshahr Branch, Islamic Azad University, Qaemshahr, 4765161964, Iran

ARTICLE INFO

Article history
Received: 29 July 2022
Accepted: 17 December 2022

Keywords:
Natural Convection; Rung-Kutta 
Method; Thermal Boundary 
Layer, Vertical Plate

Published by Yıldız Technical University Press, İstanbul, Turkey
Copyright 2021, Yıldız Technical University. This is an open access article under the CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).

INTRODUCTION 

The investigation of boundary layer flow behavior 
over vertical plates is important because of its application 
in thermal industries and facilities such as heat exchang-
ers [1,2], heat pipes [3], electronic equipment [4,5], and 

vertical fin [6-8]. Furthermore, many thermal facilities 
expose themselves to free fluid flows and exchange heat. In 
the free convection process, the density difference creates 
a buoyancy force, which drives the fluid to move. Natural 
convection is the predominant heat transfer mechanism, 
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and the buoyancy force significantly impacts the boundary 
layer fluid flow in this heat transfer process. However, the 
lower heat transfer rate is the main problem of natural con-
vection systems compared to forced convection systems. 
Several solutions have been suggested to compensate for 
this problem, such as increasing the insulation area or using 
variable temperatures on the wall.

Chakkingal et al. [9] researched free convection and 
conjugate heat transfer in a simple cubic packing design 
using a numerical simulation. This study examined the 
influence of non-uniform wall temperature on fluid flow 
and local heat transfer for various Rayleigh (Ra) and Prandtl 
(Pr) numbers. Compared to the uniform temperature on 
the wall, spatial variation in wall temperature resulted in a 
significant improvement in heat transfer for the same mean 
temperature difference. Furthermore, compared to uniform 
wall temperatures, using a spatial variation in wall tempera-
ture at a well-chosen phase angle can result in significant 
heat transfer enhancement. Nonetheless, this reaches the 
expense of rising entropy generation. 

Sompong and Witayangkurn [10] analyzed the perfor-
mance of wavy geometry on free convection heat transfer. 
They considered a porous media-filled enclosure with two 
vertical wavy walls. The problem was solved using the finite 
element method (FEM). A set of effective parameters was 
selected (the values of wave amplitude (λ= 0.05 and 0.1) 
and the number of undulations (n = 1 and 2) are chosen 
with constants Ra = 105, Da = 10−3, and Pr = 0.71), and their 
impact was explored. Increases in wave number do not 
affect free convective heat transfer in an enclosure. 

Javaherdeh et al. [11] numerically presented a study on 
a two-dimensional laminar natural convection heat transfer 
with moving vertical plates in a porous medium consider-
ing the magnetic field. They evaluated dimensionless veloc-
ity, thermal, and concentration profiles, as well as presented 
numerical data for local Nusselt and Sherwood numbers. 
They reported that increases in the wall temperature power 
law index (n) are associated with decreases in fluid velocity 
and temperature. The more significant the temperature dif-
ference between the moving plate and the fluid, the greater 
the Nusselt number.

The effects of time-periodic boundary conditions on 
natural convection heat and mass transfer in a vertical 
cylindrical porous channel were probed by Mohammed 
and Giddings [12]. They demonstrated that the aspect 
ratio significantly impacts Nusselt and Rayleigh’s num-
bers. Increasing the Rayleigh number causes an increase 
in convective velocity, which affects the position of the hot 
region and reduces the temperature field. When the aspect 
ratio is increased, a warm stream forms in the center of the 
cylinder. As the heating period increases, the circulation 
becomes faster, and the intensity of the temperature con-
tour layers decreases. A correlation for Nu as a function of 
the parameters mentioned above is developed in this work.

 Feng Wu and Gang Wan [13] numerically simulated 
natural convection in an inclined porous cavity with a 

partially active thermal sidewall under time-periodic 
boundary conditions. They discovered that a partial active 
thermal boundary condition on one wall could result in heat 
transfer on the opposing walls. Furthermore, compared to 
uniform temperature distribution, the results showed that 
non-uniform uniform temperature distribution reduces the 
oscillation amplitude of the Nusselt number on a wall. The 
numerical and experimental study of convective heat trans-
fer in a vertical porous channel was carried out by Foudhil 
et al. [14] utilizing a non-equilibrium model. Their findings 
revealed that increasing the Biot number improved heat 
transfer between the heated wall and the porous domain. 
The influence of particle thermal conductivity on heat 
transfer in the porous medium decreases as the thermal 
conductivity of the metallic beads increases, particularly as 
the diameter of the beads increases. Nusselt numbers based 
on particle diameter are related to Reynolds numbers and 
particle diameter.

Abo-Eldahab and El Aziz [15] discussed the natural 
heat transfer of a Newtonian fluid flow over a vertical 
plate with variable temperature. The governing equations 
for viscous dissipation, Joule heating, thermal source, and 
magnetic field were numerically solved. According to the 
findings, increasing the magnetic field reduces the dimen-
sionless velocity component while increasing the dimen-
sionless temperature. Pantokratoras [16] and Aydin and 
Kaya [17] reviewed the impact of viscous dissipation on 
natural convection heat transfer on a vertical plate. The 
interaction between viscous dissipation and buoyancy 
force, as well as temperature distribution, was investi-
gated. In another study, Aydin and Kaya [18] probed the 
hydromagnetic mixed heat transfer on a permeable verti-
cal plate while considering viscous dissipation and ohmic 
heat. They discovered that either Richardson number aug-
mentation or Eckert number reduction could augment the 
local heat transfer coefficient and skin friction coefficient. 
Mamun et al. [19] and Palani et al. [20] examined the effect 
of viscous dissipation and heat source on a vertical flat 
plate. A natural heat transfer on magnetohydrodynamics 
(MHD) fluid flow was considered, and both researchers 
solved the problem numerically. Desale and Pradhan [21] 
considered a flat plate with variable wall temperature and 
viscous dissipation. A similar solution was applied, and 
the ordinary differential equations (ODEs) were solved 
by the numerical finite difference method (FDM). They 
reported with the increase of Eckert number, temperature 
increases but heat transfer rate reduces on the wall. Reddy 
and Machireddy [22] presented a study on the impact of 
thermal radiation, viscous dissipation, and Hall current 
on MHD convection flow over a stretched vertical flat 
plate. They used 4th-order Runge-Kuta (RK4) for solv-
ing the governing equations. The effect of critical param-
eters, including viscous dissipation, thermal radiation, 
and buoyancy, was analyzed on the velocity and tempera-
ture profiles. The results showed that viscous dissipation 
and thermal radiation could increase the velocity and 
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temperature. Al-Odat and Al-Azab [23] examined how 
a magnetic field affects natural convection heat trans-
fer with a conducting fluid flow over a vertical plate in 
addition to considering chemical reactions. They numer-
ically analyzed the problem and investigated the impact 
of various parameters. It was concluded that when chem-
ical reaction parameters were reduced, both velocity and 
concentration decreased. The magnetic parameter, on the 
other hand, only reduces velocity. Makinde [24] investi-
gated a magnetic boundary layer fluid flow with heat and 
mass transfer over a vertical plate numerically as well. 
Natural convection in a differentially heated wavy cavity 
under thermophoresis was studied by Grasan et al. [25] 
and Sheremet [26]. The governing equations were numer-
ically solved after being mathematically modeled.

A numerical investigation of the natural convection 
over a vertical wall with constant flux between 400 to 660 
W/m2 was published by Yildiz and Basaran [27]. They 
showed that with the increase of heat flux on the wall, the 
wall temperature increased. Consequently, the air velocity 
in the boundary layer increased. So, an increase in the air 
near the wall was observed.

Acharya [28] explored a study on the flow pattern and 
heat transfer of nanofluid natural convection in square, 
circular and hexagonal enclosures. The research outcomes 
revealed that by variation of Rayleigh number from 103 to 
105, Hartmann number between 5 to 15, and nanofluid 
concentration up to 0.04, the heat transfer rate in circular 
obstacles increases about 28 %. However, less heat transfer 
rate was reported for hexagonal obstacles.

Recently, investigation on the heat transfer by natural 
convection has been published, such as Akinshilo [29], 
Ekiciler [30], Rao et al. [31], Taskesen et al. [32], Rana et 
al. [33].

Considering the above literature review, the investiga-
tion of natural heat transfer on vertical plates is an inter-
esting field of scientific research. As a boundary condition 
on the plate, most research considers either a constant 
wall temperature or a constant heat flux. In fact, it is ideal 
to assume a constant temperature or heat flux on a wall 
when studying the heat transfer process on a vertical plate. 
Plates experience temperature variations in real and appli-
cable cases, and the constant temperature or heat flux is 
improper. As a result, the research aims to explore natu-
ral heat transfer and fluid flow over a vertical plate with 
variable temperatures on the wall. As a novelty, a variable 
boundary condition on the wall is applied. Further, a new 
variable change is applied to transform the infinite bound-
ary condition into a finite condition. The nondimensional 
coupled momentum and energy equations obtained via 
similarity solution are solved numerically using Runge-
Kutta 4th order. The impact of various parameters is 
analyzed on fluid flow and natural heat transfer charac-
teristics on a wall. 

DESCRIPTION OF THE PROBLEM

The boundary layer fluid flow and natural convection 
heat transfer along with a vertical plate are investigated. 
Figure 1 presents a graphic illustration of the problem:

The plate is depicted in Cartesian coordinates. The 
x-axis denotes the vertical axis, and the y-axis represents 
the horizontal axis. The terms u and v are defined as veloc-
ity components along with the x and y axes, respectively.

As shown in Figure 1, a variable temperature boundary 
condition (Tw=T∞+λxn) is selected for a wall temperature 
with a constant coefficient, and n is a variable temperature 
index.

The following are the definitions of the governing equa-
tions, which include continuity, momentum, and energy 
equations [34]:

  (1)

  
(2)

  (3)

Where V, P, T, μf, ρ, cp, t, and k are the velocity field, 
the pressure, the temperature, the dynamic viscosity, the 
density, specific thermal capacity, the time, and the thermal 
conductivity, respectively. Equations (1-3) can be rewritten 
for our two-dimensional problem as [34]:

  
(4)

  
(5)

Figure 1. Schematic of problem [34].
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(6)

Where υ, g, β, T, T∞, and α are kinematic viscosity, 
gravity, thermal expansion coefficient, temperature field, 
ambient temperature, and thermal diffusivity coefficient, 
respectively.

Besides, the boundary conditions are defined as:

  (7a)

  (7b)

Where Tw is the temperature of plate.

MATHEMATICAL DISCRIPTION

Similarity Solution
Solving the governing equations requires converting 

the equations into ODEs. With the variable temperature 
assumption [35] on the wall and defining a dimensionless 
parameter (η), the remaining parameters are introduced in 
dimensionless form as follows [35]:

  
(8a)

  (8b)

  
(8c)

  
(8d)

Where ,  and  are the dimensionless veloc-
ity, Grashof number, and dimensionless temperature, 
respectively. 

By defining c=βgλ, we have [34]:

  
(9a)

  
(9b)

Also, according Equation (1), v(x,y) can be rewritten:

  

(10)

Now, the other velocity differentiation can be computed 
as follows:

  
(11a)

  
(11b)

  
(11c)

Substituting Equations (8)-(11) into Equation (5), the 
ODE form of momentum equations can be obtained as:

  (12)

The temperature differentiations also are calculated as 
follows:

  
(13a)

  
(13b)

  
(13c)

Inserting Equation (13) into the Equation (6) and 
some simplification, the ODE form of energy equations is 
achieved:

  (14)

Where Pr is the Prandtl number, the Nusselt number is 
defined as [34]: 

  

(15)

Where h is the thermal convection coefficient, now by 
using Equation (13b), Nux can be rewritten as:

  
(16)

Additionally, by converting the boundary conditions 
into the dimensionless form, we can obtain the following:

  (17a)

  (17b)
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Solution Methodology
The dimensionless form of momentum and energy 

equations are coupled, as shown in Equation (12) and 
Equation (14). As a result, they must solve the problem 
simultaneously. A Maple code was used in this study, and 
coupled equations were solved numerically with the Runge-
Kutta method 4th order (RK4).

Fourth-order Runge-Kutta 
Runge-Kutta methods are iterative methods used in 

numerical analysis. A powerful tool for solving ordinary 
differential equations is the Rung-Kutta method. The most 
well-known is Runge-Kutta’s classic method, also known as 
the fourth-order Runge-Kutta method.

By considering the following equation:

  
(18)

It is needed to determine the value of the unknown 
function y at the point x. The Runge-Kutta method approx-
imates the value of y for a given x as follows:

  

(19)

Where h is the length of each step and yn+1 is the approx-
imation of RK4.

Validation
Due to the novelty of our work and the lack of similar 

results in the literature, we chose to compare the results 
with previous studies in a special case to validate the accu-
racy of the RK4 outcomes. As shown in Figures 2a and 
2b, our numerical results were compared to the Ref. [34] 
results for n=0. The results can be seen to be overlapping. 
Furthermore, the skin friction coefficient directly cor-
relates with the velocity rate (f ’) and the Nusselt number 
with the dimensionless temperature rate (θ’). Table 1 com-
pares our results to the results of Ref. [34] for the con-
stant temperature on the wall. The results were found to 
be satisfactory. 

(a) (b)

Figure 2. The present study’s results are compared with those in Ref [34]- (a) f ’(η) and (b) θ(η)

Table 1. The present study results are compared with those 
of Ref [34] - f ’’(η) and θ’(η) and various Pr

 θ'(0)[34] θ'(0)f "(0)[34]f "(0)Pr
0.08070.08070.98730.98730.01
0.23010.23020.85910.85920.1
0.50460.50460.6760.6760.72
0.56710.56710.64220.64221
0.71650.71650.57130.57132
0.81550.81550.53090.53093
1.0071.0070.46490.46486
1.1691.1690.41920.419210
1.5891.5890.33120.331130
2.1912.1910.25170.2517100
3.9653.9640.14490.14491000
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RESULTS AND DISCUSSION 

This section reviews and analyses the findings. Figures 
3a and 3b show the effects of Pr on the f ’(η) and θ(η) pro-
files for n=1. Temperature changes alter the velocity dis-
tribution because momentum and energy equations are 
coupled. With increasing Pr, the maximum velocity value 
decreases and reaches the boundary layer outside velocity 
faster (zero velocity) as shown in Figure 3a. For the same Pr, 
the maximum velocity value decreases for Figure 2a (n=0), 
indicating that the maximum velocity value decreases as n 
increases. Due to an increase in Pr, the kinematic viscos-
ity increases. Therefore, the resistive force against the flow 
increases, resulting in a reduction in velocity.

According to Figure 3b, the dimensionless tempera-
ture tends to zero faster as Pr increases. The fluid flow 
temperature reaches the wall temperature according to the 
dimensionless temperature definition. As Pr increases, the 
thermal domination decreases; therefore, the thermal con-
ductivity decreases. However, the Nu value increases, which 

draws the fluid temperature closer to the wall temperature 
earlier. Based on Equation (8b), the dimensional tempera-
ture becomes zero. Unlike Figure 2b for n=0, a higher n 
causes the temperature to reach the wall temperature later.

f ’(η) and θ(η) are influenced by n in Figures 4a and 4b 
(for Pr=0.72). As n increases, the velocity profile’s maxi-
mum value decreases (Figure 4a). Figure 4b shows the tem-
perature diagram’s slope rising to the wall temperature. As 
n increases, the difference between wall temperature and 
free fluid flow temperature increases, increasing convective 
heat transfer. Due to this, the dimensionless temperature 
becomes zero more quickly than the fluid temperature 
reaches the wall temperature. Furthermore, the buoyancy 
force falls, which reduces velocity. 

Figures 5a and 5b illustrate the impact of Pr on Nu and 
the skin friction coefficient (f”(0)). When Pr grows, the kine-
matic viscosity increases and f”(0) decreases (Figure 5a). 
Additionally, as Pr increases, Nu rises, and the heat transfer rate 
increases (Figure 5b). The Nu value increases when the ther-
mal domination decreases; therefore, the thermal conductivity 

Figure 3a. Variation of Pr with f ’(η) (n=1) Figure 3b. Variation of Pr with θ(η) (n=1)

Figure 4a. Examination of n change on f ’(η) at Pr=0.72 Figure 4b. Examination of n change on θ(η) for Pr=0.72
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Figure 6a. Influence of n on f ’’(0) (skin friction coeffi-
cient) for Pr=0.72

Figure 6b. Influence of n on Nux for Pr=0.72

Figure 7a. Contour of dimensionless velocity (f ’) for 
n=0.5, Pr=0.72

Figure 7b. Contour of dimensionless temperature 
(θ) for n=0.5, Pr=0.72

Figure 5a. For n =1, the effect of Pr on f ’’(0) Figure 5b. For n=1, the effect of Pr on Nux
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decreases; however, when the Nu value increases, the fluid 
temperature reaches the wall temperature more quickly.

Figures 6a and 6b illustrate how n affects f ”(0) and 
Nu. As n increases, f ”(0) decreases (Figure 6a). Figure 6b 
further demonstrates that Nu increases with increasing n, 
accelerating the rate of heat transfer. It occurs because con-
vective heat transfer rises.

For capturing better physical comprehension, the con-
tour of dimensionless velocity and temperature for n=0.5 
and Pr=0.72 is illustrated in Figure 7. 

CONCLUSION 

The partial differential equations in this study were con-
verted into ordinary differential equations using similarity 
solutions. The variable temperature boundary condition 
was chosen for the wall as a novelty. Also, by applying a 
new variable change, an infinite boundary condition was 
transformed into the finite one. The coupled momentum 
and energy equations were numerically solved. The follow-
ing deductions were made:
• The maximum value of dimensionless velocity (f ’max) 

decreases 40-50 % as Pr rises. The velocity thus 
approaches the outside velocity more quickly. In addi-
tion, f ’max reduces when compared to the boundary 
condition of constant temperature on the wall.

• It can be concluded that f ’max velocity drops between 
23 to 38 % as n increases. θ(η) also drops. But the fluid 
temperature slope rises, and it gets closer to the wall 
temperature more quickly.

• It can be observed that f ’’(0) decreases about 20-35 % as Pr 
rises. This enhances the rate of dimensionless heat transfer.

• A higher n leads to a lower f ’’(0). Thus, the dimension-
less heat transfer rate rises, and f ’’(0) falls.

NOMENCLATURE 

Cp Specific heat, kJ / kg oC
f Dimensionless velocity
g Gravity acceleration, m/s2 
Gr Grashof number
k Thermal conductivity, W / m oC
n Variable temperature index
P Pressure, Pa
T Temperature, oC
Tw Wall temperature, oC
T∞ Free fluid temperature, oC
u Vertical velocity, m/s
v Horizontal velocity, m/s.
V Velocity field, m/s
x Vertical axis, m
y Horizontal axis, m

Greek symbols
β Thermal expansion coefficient (1/ oC)
µ Dynamic viscosity, Pa s
θ  Dimensionless temperature

ρ Density, kg/m3

η Nondimensional variable
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