
*Corresponding author.
*E-mail address: krishmath@bhu.ac.in(KB), sohita.math@gmail.com(SR)
This paper was recommended for publication in revised form by Editor 
Prof. Dr. Erdal Çetkin

J Ther Eng, Vol. 9, No. 6, pp. 1419−1427, November, 2023

Journal of Thermal Engineering
Web page info: https://jten.yildiz.edu.tr 

DOI: 10.18186/thermal.1395400

ABSTRACT

Separation control and formation of boundary layer Newtonian flow in a diverging perme-
able channel in Darcy-Forchheimer porous material having suction/injection are discussed. 
Self-similar equations from governing equations are acquired and existence conditions for 
boundary layer structure are derived using nature of velocity gradient inside boundary layer. 
It reveals that if sum of Darcy permeability parameter and twice of Forchheimer parameter ex-
ceeds 2, then the boundary layer flow always exists with all type of mass suction/injection and 
even without suction/injection. Also, if mass suction parameter goes beyond , then there is 
no matter what are the values of Darcy permeability parameter and Forchheimer parameter, a 
boundary layer exists inside the divergent channel. In addition, obtained numerical solutions 
are exhibited graphically. It reveals that thicknesses of velocity and thermal boundary layers 
reduce with Darcy and non-Darcy resistances of porous medium and fluid temperature also 
diminishes. The velocity and temperature reduce with increment of mass suction and contrary 
results are found for mass injection.
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INTRODUCTION 

Formation of Newtonian boundary layer flow in diver-
gent channels is not a normal phenomenon and in contrary, 
flow separation is an expected outcome. Boundary layer 

formation near the channel walls may be possible under 
certain conditions, which should have the capability to 
stop the back flow construction. Pioneering works on con-
verging/diverging channels were discussed by Jeffery [1] 
and Hamel [2], where channel walls are taken as stationary 
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and in the intersection of two walls a source/sink of fluid 
mass is causing steady flow. While stability of divergent 
flow under same small disturbance was discussed by Dean 
[3]. Rosenhead [4] reported solutions for two-dimensional 
radial converging/diverging flow in form of elliptic func-
tion. Wang and Price [5] demonstrated creeping flow of 
inside convergent channel ignoring the pressure gradient. 
James and Saringer [6] studied flow of non-Newtonian 
polyethylene oxide solution through a converging channel. 
Bariş [7] investigated second-grade visco-elastic converg-
ing flow. Magyari [8] explained backward boundary layer 
in convergent channel flow with power-law temperature of 
channel walls. Maranzoni et al. [9] discussed lateral outflow 
over side weir in converging channel experimentally as well 
as numerically. 

If Reynolds number goes beyond certain fixed value, 
then boundary layer divergent flow in a channel has no sim-
ilarity solution and there should occur regions of back-flow. 
There was a belief that for large Reynolds numbers, divergent 
channel flow is not separable into boundary layer and free-
stream similar to convergent flow. But, Holstein [10] clari-
fied that if substantial suction is implemented in diverging 
flow with large Reynolds number then only boundary layer 
is possible. Gersten and Körner [11] reported some char-
acteristics of heat transfer for Holstein[10] problem. Eagles 
[12] discussed stability of many Jeffery-Hamel solutions 
using quasi-parallel approximation. Kamel [13] investi-
gated the diverging micropolar flow. Drazin [14] explained 
the flow instability through a diverging channel with bifur-
cation theory. Sadeghy et al. [15] performed a theoretical 
study for exploring influence of implemented magnetic 
field in regulating flow separation inside Jeffrey-Hamel 
flow for viscoelastic fluids. Esmaeilpour and Ganji [16] 
obtained the Jeffery-Hamel flow solution in rigid flat walls 
with an angle 2α by OHAM. Bhattacharyya and Layek [17] 
discussed the possibility of MHD boundary layer diverg-
ing flow of dilatant power-law fluid. Sheikholeslami et al. 
[18] described Jeffery-Hamel MHD flow of electrically con-
ducting nanofluid using ADM. Layek et al. [19] conferred 
the steady-state MHD flow in a divergent channel and they 
explored the possibility of MHD flow with any suction/
blowing when magnetic field strength is chosen suitably. 
Gerdroodbary et al. [20] described effects of radiation 
on MHD Jeffery-Hamel flow with stretchable/shrinkable 
channel walls. Gepner and Floryan [21] revealed various 
aspects of mixing in converging–diverging channel flow 
depending the geometry of the channel. Some important 
characteristics of divergent/convergent flows may also be 
found existing in literature [22-24]. Darcy and non-Darcy 
porous media are important physical aspects in fluid flow 
having several applications in engineering and industries 
processes. Recently, Hoseinzadeh et al. [25-28], Ashrafi et 
al. [29], Ahmadi et al. [30] and Xu et al. [31] considered 
flow through porous medium in their study. Jabbary et al. 
[32] presented a 3D numerical procedure to solve the gov-
erning equation based on finite volume method, whereas 

numerical investigation of rectangular thermal energy 
storage units with multiple phase change materials was 
done by Hoseinzadeh et al. [33]. A dual-phase-lag (DPL) 
transient non-Fourier heat transfer analysis of functional 
graded cylindrical material under axial heat flux was done 
by Ghasemia et al. [34]. Some important studies related to 
porous medium and divergent structures may be found in 
literature[35-39].

The existence of boundary layer in divergent channel flow 
by suppressing separation phenomenon, i.e., the back flow is 
an important aspect and also the consideration of non-Dar-
cian porous medium in the flow field. So, we are very much 
motivated to the investigation of the boundary layer struc-
ture inside diverging porous channel and heat transfer anal-
ysis in Darcy-Forchheimer porous material having suction/
injection. In this problem, we investigate the impact of resis-
tance (in the form of frictional forces) offered by non-Darcy 
porous medium on velocity and temperature fields along 
with existence of boundary layer flow inside divergent chan-
nels in presence of suction/injection. In the investigation, the 
roles of two types of resistive forces in the form Darcy per-
meability related force and Forchheimer resistance force in 
prevention of the flow separation, i.e., the role of forces in 
the existence of boundary layer solution have been explored. 
This is the main objective and novelty of the present analysis. 
Self-similar nonlinear ODEs(ordinary differential equations) 
are achieved and several existence conditions for bound-
ary layer by controlling flow separation and back flow are 
achieved. Also, the converted self-similar ODEs are numer-
ically solved. The obtained findings are expressed through 
figures to understand controls of parameters involved on 
flow and heat transfer properties.

FLOW CONSTRUCTION

Consider steady state boundary layer 2D flow of a vis-
cous incompressible Newtonian fluid inside diverging 
channel in Darcy-Forchheimer porous material. Fixed 
channel walls are taken as permeable and through those 
channel walls suction/injection is assumed. Here, flow near 
one channel wall is discussed, because identical situation 
will be found near other channel wall. The x- and y-axes 
are considered along and perpendicular to channel wall and 
intersection of those two walls is taken as origin. Boundary 
layer equations for flow inside non-Darcy porous material 
are written as [19,35]:

  
(1)

  
(2)

  (3)
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where u, v are velocity components in x-, y-directions, 
respectively, ρ is constant fluid density, k(= k0x2) is variable 
permeability of porous material, φ is porosity, c(= c0/x) is 
variable Forchheimer inertia coefficient in second-order 
resistance. Using equation (3), it may be confirmed that p is 
function of x only. 

Corresponding boundary conditions are [19]

  
(4)

The central-line velocity U is specified by[19]:

  
(5)

where α is small angle of channel, Q is positive constant, 
U0 is the characteristic velocity outside the boundary layer 
when x  = L and L is characteristic length along the direc-
tion of motion (Q/α = U0 L).

The velocity of suction/injection vw(x) through the 
porous channels is:

  
(6)

where S denotes suction/injection parameter (with S>0 
gives suction and S<0 provides injection, respectively). A 
graphical plot of flow is presented in Figure 1.

Since from (3), we get fluid pressure as function of x 
variable only, the gradient  is acquired from cen-
tral-line condition (4) as:

  
(7)

Using (7), we have from (2)

  
(8)

The above equations (1) and (8), admits following sim-
ilarity solution [19]:

  
(9)

where similarity variable η is defined as .

The equation of continuity (1) is identically satisfied 
and the equation (8) takes following form:

  (10)

where  is the Darcy permeability param-
eter and λ = c0φ is Forchheimer parameter.

The conditions in (4) become

  (11)

Figure 1. A sketch of divergent channel with flow region and other details.
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CONDITIONS OF SEPARATION CONTROL AND 

EXISTENCE OF BOUNDARY LAYER

Now, the situations under which the separation can be 
controlled by preventing back flow and boundary layer is 
maintained inside the divergent channel fixed in Darcy-
Forchheimer porous material, will be explored. In above 
flow region, the quantity f '(η) is linearly related to gradi-
ent of velocity, . Across boundary layer region,  
slowly declines and goes to zero value at boundary layer 
termination-point, hence it corresponds that Φ[= f '(η)] is 
a decreasing type function of the variable η, so Φ'(η)<0 in 
region of boundary layer and Φ→0 as η→∞. Now, as η goes 
from 0 value to ∞, f(η) rises from 0 (at wall) to 1 (at bound-
ary layer termination-point) so that f '(η)>0. So, we may say 
that  has negative value in region 
of boundary layer and Φ→0 as f→1.

Equation (10) may be stated using the notation f '(η) = Φ 
and  as:

  
(12)

Taking limit as f→1 and also using Φ→0 as f→1, the 
above equation (12) converts to

As the limit in right hand side is taking indeterminate 
form, we can write

Figure 2. Velocity f (η) for various values of K with λ = 0 
and S = 1.

Figure 3. Temperature θ (η) for various values of K with λ = 
0, S = 1, Pr = 2 and m = 1.

Figure 4. Velocity f (η) for various values of λ with K = 4 
and S = 1.

Figure 5. Temperature θ (η) for various values of λ with K = 
4, S = 1, Pr = 2 and m = 1.
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Denoting , we have

  (13)

which gives the value of Υ as

  
(14)

For existence of self-similar flow in boundary layer, the 
value of Υ must be negative in the region of boundary layer. 
Now it is clear that if K + 2Υ > 2, then one value of Υ is 
definitely negative for any value of S (i.e., for suction, S>0 or 
injection, S<0 or without suction/injection, S=0), therefore 
boundary layer will exist and separation will be controlled. 
Next if K + 2Υ < 2, then there will be two possibilities (i) 

 and (ii) . For first possibility, the sum K 
+ 2Υ can be attended any non-negative value less than 2 and 
in this occasion both values of Υ are negative; it confirms 
boundary layer structure. So, without any porous medium 
(K = 0 and λ = 0) boundary layer flow is possible only when 

, which is exactly same as study of Holstein[8]. For 
second possibility, the sum K + 2Υ can take any value less 
than 2 and greater than or equal to 2 – (S2 / 4)and this case 
also two values of Υ are negative; so, boundary layer sep-
aration not occur. Lastly, K + 2Υ = 2, then from (14) it is 
obvious that the values of Υ are 0 and –2S and now if S>0 
(only mass suction) then there exist one negative value of Υ; 
it guaranteed boundary layer existence.

HEAT TRANSFER

The energy analysis with variable wall temperature for 
the above diverging flow in porous material may be rep-
resented by the following boundary layer energy equation:

  
(15)

where T is temperature, cp is specific heat and k is ther-
mal conductivity.

Corresponding boundary conditions are

  (16)

where Tw is variable channel wall temperature with T0 
being a constant, T∞ is static temperature in free stream and 
m is power-law exponent.

Following dimensionless temperature function is 
introduced:

  (17)

Using relations in (9) and (17), the equation (15) 
reduces to

  (18)

where  is well-known Prandtl number.

The boundary conditions in (16) become

  (19)

Figure 6. Velocity f (η) for various values of S with K = 4 
and λ = 0.5.

Figure 7. Temperature θ (η) for various values of S with K = 
4, λ = 0.5, Pr = 2 and m = 1.
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RESULTS AND DISCUSSION

Equations (10) and (18) are non-linear coupled second 
order ODEs. To get solutions of (10) and (18) along with 
boundary conditions (11) and (19), MATLAB “bvp4c” 
package is used. During the solution by MATLAB “bvp4c” 
package, the equations are transformed to IVP (initial value 
problem) of a 1st order system since MATLAB bvp4c pack-
age solves only 1st order IVPs and the system of ODEs is 
given by:

  (20)

  (21)

with 

  (22)

Bvp4c based on finite-difference method is a scheme 
with 4th order accuracy and confer C1-continuous solution 
with 10–5 is taken as tolerance level. For continuous solu-
tion, the error control is based on residual error. Adequate 
preliminary guess values of unspecified initial conditions 
are supposed to initiate the numerical integration. The 
guesses are chosen in such a manner that the obtained solu-
tions should satisfy all the boundary conditions of the prob-
lem and convergent asymptotically to free stream boundary 
condition. Graphical presentations of computed solutions 
for various parameters are prepared.

The effects of 1st and 2nd order resistance for porous 
medium on velocity and temperature are important aspects 
in practical application purpose and those are depicted 
in Figures 2-5. Figures confirm that due to both Darcy 
and non-Darcy resistive forces thicknesses of velocity 

and thermal boundary layers reduce and these phenom-
ena are as anticipated because porous medium produces 
resistance to the transport processes. Though these forces 
reduce boundary layer thicknesses, but flow separation 
and vortex formation with back flow are deferred due to 
these resistance forces of porous medium, which approves 
existence of boundary layer flow. In addition, fluid tem-
perature also diminishes with both types of resistance due 
to porous medium. Physically, augmenting Darcy per-
meability parameter resistive frictional forces augmented 
which diminish the boundary layer thickness, while aug-
menting non-Darcy Forchheimer parameter inertia factor 
(which relates to 2nd resistive force) the boundary layer 
shrinks. Also, when frictional forces due to both Darcy 
and non-Darcy resistances are strong enough to confine 
the generated vorticity, then boundary layer flow exists 
without any condition on applied suction/injection, i.e., 
even without any suction/injection. Also, for the incre-
ment of mass suction the velocity of the fluid augments 
and hence corresponding boundary layer shrinks (Figure 
6), whereas temperature and corresponding boundary layer 
both reduces (Figure 7). Contrary outcomes are witnessed 
for applied mass injection. Mass suction through porous 
channel controls the existence of boundary layer flow by 
delaying the occurrence of back flow. Practically, when suc-
tion applied then fluid mass is taken away from the surface, 
whereas opposite happens with injection. As usual, due to 
rises of Prandtl number and power law exponent produces 
reductions of thermal boundary layer and temperature of 
the flow field (Figures 8 & 9). Practically, thermal diffu-
sion rate diminishes with higher Prandtl number, whereas 
increase in power law exponent the convection processes 
inside the fluid declines and it is leading to decrease in the 
temperature gradient. 

Figure 8. Temperature θ(η) for various values of Pr with K 
= 4, λ = 0.5, S = 1 and m = 1.

Figure 9. Temperature θ(η) for various values of m with K 
= 4, λ = 0.5, S = 1 and Pr = 2.
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CONCLUSIONS

The effects of resistance for non-Darcy porous medium 
on the boundary layer existence in divergent channel flow 
and in addition the impacts on velocity and temperature are 
explored in this investigation. Important obtained features 
of the problem are summarized below:
(a) The self-similar flow in boundary layer controlling the 

separation is possible when K + 2Υ > 2 for any value of S.
(b) If frictional forces due to both Darcy and non-Darcy 

resistances are stronger enough to confine the generated 
vorticity, then boundary layer flow exists without any 
condition on suction/injection and even for without any 
suction/injection.

(c) If K + 2Υ = 2, then boundary layer exists if S > 0, i.e., 
only for suction cases.

(d) Fluid temperature weakens with both types of resistive 
forces due to non-Darcy porous medium.

(e) For Darcy and non-Darcy resistance, thicknesses of 
velocity and thermal boundary layers reduce.

(f) Velocity augments and temperature diminishes with 
suction increment and for injection outcomes are 
contrary.

(g) Growths of Prandtl number and power law exponent 
causes drop of thermal boundary layer thickness.

NOMENCLATURE 

c variable Forchheimer inertia coefficient
co a constant
f(η) dimensionless velocity 
k variable permeability
ko a constant
K permeability parameter
L characteristic length
m power-law exponent
p pressure
Pr Prandtl number
Q volume flow rate
S suction/injection parameter
T temperature
T0 being a constant
Tw  variable channel wall temperature
T∞  static temperature in free stream
u, v velocity components along x- and y-axes
U  free stream velocity 
Uo characteristic velocity
vw suction/injection velocity
x, y  cartesian coordinate measured along the channel 

wall and normal to it, respectively

Greek symbols
α angle of the channel
κ thermal conductivity
μ dynamic viscosity
υ kinematic viscosity

λ Forchheimer parameter
η similarity variable
ρ density
cp specific heat
φ porosity
θ  dimensionless temperature

Subscripts 
nf nanofluid
f base fluid
s solid particle
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