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ABSTRACT

In hot and dry climates, evaporative cooling of the air by water spray can be applied in several 
requirements, such as evaporative condensers which the airflow is precooled by the water 
spray before it reaches the condenser. The interaction between water droplets and the air is 
a complicated two-phase flow that is affected by the several parameters. Here, an Eulerian-
Lagrangian 3D model was developed to investigate the influence of important parameters 
on spray cooling performance in a rectangular duct. The evaluated parameters include the 
number of nozzles, inlet air flow rate, and spray water flow rate. The results represented that 
growth in the number of nozzles causes a reduction in the spray cooling efficiency. Thi s 
is due to decrease of droplets retention time within the duct by increasing the number of 
nozzles at a constant total spray flow rate in the cases. The maximum and minimum spray 
cooling efficiency be long to  th e ca ses wi th on e no zzle at  water flow rat e of 20 l/h  and  fou r 
nozzle at water flow rate of 5 l/h, respectively. The difference between spray cooling efficiency 
at 3 and 4 number of nozzles is less than 1.8%. Moreover, increasing the air flow rate from 0.5 
l/h to 2 l/h (by 300%) makes a decrease in the spray cooling efficiency up to 58.6%.
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INTRODUCTION

This work is focused on mathematical modeling on 
three dimensional nanofluid on heated vertical surfaces. 
We investigated MHD stagnation point flow with variable 
viscosity in the governing fluid flow where nanoparticles 
are suspended in it. The impact of higher-order chemical 
reaction of nanofluid flow at a stagnation point in three 
dimensional is the novelty of the problem. The Brownian 
motion parameter and thermophoresis parameter are 
incorporated in the present MHD Nano fluid model. This 
model helps the industry especially in cooling the devices 
by analyzing the energy level, is the main investigation of 
this paper. The physical interpretations of nanofluid flow 
is extracted in terms of mathematical equations contain-
ing partial derivatives along with boundary conditions. 
The numerical results are obtained by reducing governing 
equations into coupled nonlinear mathematical ordinary 
differential equations with transformations using similarity 
variables. The numerical method Runge-Kutta is employed 
and computed using MATLAB bvp4c and graphical presen-
tations are obtained for numerical solutions. The effect of 
dimensionless flow parameters such as order of chemical 
reaction ‘n’, magnetic strength M, Darcy number Da, buoy-
ancy parameter N, thermophoretic force parameter Nt, 
variable viscosity parameter γf, Brownian motion param-
eter Nb in Nano fluid flow, homogeneous chemical reac-
tion process δ are discussed. This investigation revealed that 
temperature and concentration profile enhance at a large 
value of the thermophoresis parameter in the nanofluid 
flow and random Brownian motion parameter develops 
energy level and decline concentration profile at more val-
ues. Comparison of the present results with known numeri-
cal results is shown and a good agreement is observed. The 
heat and mass transfer characteristics were obtained and 
tabulated. The Nusselt and Sherwood numbers enhance for 
the dimensionless Nano parameters.

NUMERICAL MODEL

The application of nanofluid plays a vital role in the 
industry due to its properties such as high thermal con-
ductivity and long-term stability. The important applica-
tion of nanofluid is electronics cooling, solar collectors, 
and nuclear applications. Choi presented the concept of 
nanofluids, to increase thermal conductivity in the flow 
nanoparticles that are suspended in the fluids Choi and 
Eastman [1]. A three-dimensional magneto hydro dynamic 
stagnation point flow of nanofluid influenced by an expo-
nentially stretching surface was studied by Fiaz et al. [2]. A 
magneto hydro dynamic stagnation point flow of a nano-
fluid on a plate with an anisotropic slip was discussed by 
Sadiq et al. [3]. Irfan et al. [4] illustrated the three-dimen-
sional flow of Carreau nanofluid with variable thermal con-
ductivity properties.

Three-dimensional nanofluid effectiveness with 
Cattaneo-Christov double diffusion by Hayat et al. [5]. 
Sannad et al. [6] investigated the effects of nanofluid flow 
in natural convection in three- dimensional direction. 
Almakki et al. [7] reported on unsteady MHD nanofluid 
flow with entropy generation in a three-dimensional way. 
Jusoh et al. [8] studied the effects of nanofluid over a per-
meable surface in three- dimensional direction flow. Ganga 
et al. [9] point out deeply MHD with radiation and gen-
erating heat impact on nanofluid flow under viscous and 
ohmic dissipation effects. Ramesh et al. [10] presented the 
impact of radiation effect; nanoparticles are suspended in 
the Maxwell fluid with a porous medium in three space 
coordinates. Madhu et al. [11] observed MHD, viscous 
dissipation, radiation in three space coordinates with the 
axisymmetric flow is investigated. Kiyani et al. [12] concen-
trated on three dimensional mixed convective Williamson 
nanofluids with chemical reaction.

Hatami et al. [13] viewed three-dimensional nanofluid 
film on an inclined rotating disk. Rakesh Kumar et al. [14] 
presented an irreversibility analysis of the fluid flow of 
carbon nanotubes with radiation and chemical reaction. 
Sulaiman et al. [15] investigated mass and heat transfer 
in the nanofluid flow of the Oldroyd-B model in a three-
dimensional direction. Muthutamil Selvan et al. [16] ana-
lyzed the effects of Lorentz resistive force on three space 
coordinates micropolar governing flow. Higher or homoge-
neous chemical processing is influenced by the flow. Zahir 
Shah et al. [17] characterized nanofluid flow in three space 
coordinates analyzing the random motion of Brownian and 
thermophoresis effect in parallel plates.

Kakac et al. [18] presented a thorough review of the 
increment of heat transfer under the convection medium 
in nanofluids flow. Fan investigated the role of nano fluid 
on microreactors. Yu et al. [19] did research on graphene 
oxide suspending in base fluids to the enhancement of ther-
mal conductivities. Kandasamy et al. [20] discussed MHD 
mixed convection nanofluid flow under a convective bound-
ary condition. Chandrasekhar Balla et al. [21] pointed out 
MHD boundary layer flow in an inclined porous square 
cavity. Nalini et al. [22] reported on nanofluid over stretch-
ing sheet under uniform transverse strength of magnetic 
in the process of chemical reaction. Kuznetsov et al. [23] 
presented nanofluid surrounded by a plate vertically in the 
medium of free convection. Jagadha et al. [24] studied Non-
Darcy MHD porous medium.

Yirga et al. [25] discussed the effects of MHD, viscous 
dissipation, reactions in chemical processing, transferring 
mass, and heat under the influence of porous medium over 
a stretching sheet. Shafqat Hussain [26] used the finite ele-
ment method on nanofluid governing flow. He observed that 
the influence of porous medium effects of viscous dissipa-
tion, radiation, and the process of chemical reaction. Gopal 
et al. [27] observed Brownian and thermophoresis effects 
on Casson nanofluid over a chemically reacting stretching 
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sheet with an inclined magnetic field. A non-uniform heat 
generation or absorption of a stagnation point flow of nano-
fluid over an exponentially stretching sheet was discussed 
by Malvandi et al. [28]. Modather et al. [29] demonstrated 
MHD stagnation point flow in a porous saturated with free 
convection. He discussed variable viscosity depending on 
the temperature in three space coordinates. Durga prasad et 
al. investigated the ability of magneto dynamic strength in 
the governing fluid flow [30-32]. Jagadha et al. tested MHD 
nanofluid flow in presence of chemical reaction- [33-35]. 
Gopal et al. [36] employed the Runge-Kutta method for 
different geometrical models and resulted in numerically 
using MATLAB software. Sivaraj [37] analyzed the heat and 
mass transfer characteristics of cross nanofluid in stagna-
tion point flow over a permeable extending or contracting 
surface. Gireesha et al. [38] analyzed heat and mass trans-
fer on MHD Casson fluid over a stretching surface. Swain 
et al. [43] studied by numerical results on MHD nanofluid 
with slip boundary conditions in presence of higher order 
chemical reaction. Sadiq [44] discussed the MHD nano-
fluid stagnation point flow on plate with Anisotropic Slip.

To the best of our knowledge, it is observed that 
three-dimensional stagnation point nanofluid flow 
with higher-order chemical reaction is not described in 
the available literature by researchers. Thus, based on 
the above research, this study of thermophoresis and 
Brownian motion effects on the unsteady flow of nano-
fluid has received a little attention. An effective Runge-
Kutta based shooting algorithm is followed to attain the 
problem’s solution. Finally, the results are presented in the 
form of graphs to discuss the effect of various parameters 
on the flow field. The extension of the research will take 
place for the different geometrical models in three dimen-
sions in presence of higher-order chemical reactions in the 
nanofluid flow. Thus, in the future, the extension work helps 
the industry to select the mathematical model according to 
their requirement.

MATHEMATICAL FORMULATION

We investigate three-dimensional steady flow, laminar 
flow with a magneto hydrodynamic effect. The viscous nano-
fluid flow is taken along a plane vertically in the medium of 
a porous state. The stagnation flow is symmetrical about the 
y-axis and the strength of the magnetic field is normal to y
space coordinate. The velocity components (x, y, z) is taken
as (u, v, w) respectively. The nanofluid flow is striking effec-
tively on the plate at the point of origin vertically. The initial 
temperature is assumed as Tw and concentration is taken as
Cw constantly in the vertical plate. The nanofluid flow away
from the plate at ambient temperature is assumed as T∞
and C∞ taken for concentration. The dynamics viscosity is
defined as μ, K specifies permeability, density is specified
by ρ, the coefficient of expansion of thermal is defined by βT
and the coefficient of concentration expansion is defined by

βc. The diffusion of thermal energy and mass is specified by 
α and Dm respectively. The governing nanofluid equations 
are framed considering above mentioned assumptions: 
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Figure1. Geometry of the problem.
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The appropriate boundary conditions of the governing 
flow are defined as:

u v w T T C C z
u ax v w ax T T C C z

p p

w w= = = = = =
= = = − = = = ∞

= −

∞ ∞

0 0
0

1
20

,
, , , ,

at
at

ρaa x y2 2 2+( )
 (7)

where u, v and are the velocity components of space coor-
dinate system of x, y and respectively. Nanofluid pressure 
is denoted by p, p0 defines stagnation pressure, g is the 
gravitational force of acceleration, free the streamline sepa-
rates flow from rest in motion is u∞. The streamline which 
separates the fluid from rest in motion is measured to the 
length of the solid body with inverse proportionality. This 
is directly proportional to the latent heat of the solid phase 
and the constant a. The absolute viscosity is defined as 
Carey and Mollendorf [39].
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where μf is the film temperature of the nanofluid flow. The 
governing equations (1)-(6) are transformed into ordinary 
differential equations with applying appropriate similarity 
transformation:
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Where F, f, θ and ϕ are associated to dimensionless 
functions of nanofluid velocity, nanofluid temperature, and 
nanofluid concentration respectively. 

Substituting Eq. (10) in Eq. (8), we obtain
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Employing similarity transformations Eqs.(9)-(12), 
the continuity eq. (1) is satisfied. The momentum, angular 
momentum, energy, and concentration equations in three 
space coordinates are reduced to as follows:
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Where Darcy number is denoted by Da = Kρa/μf, 
buoyancy parameter is denoted by N = βc (Cw − C∞)/βT 
(Tw − T∞ ), specifies Prandtl number is Pr = Cp μf/k, speci-
fies Schmidt number Sc = μf/Dm, magnetic parameter is 
M = σB2/aρ, Thermophoresis parameter is denoted by 
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Primes represent differentiation of η. The transformed 
nanofluid boundary layer conditions are:
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The shear stress, heat and mass flux are:
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Then the Nusselt number and Sherwood number are:
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Here wall heat and mass flux defined as qw and mw.

NUMERICAL METHOD

The numerical method Runge-Kutta fourth-order is 
used to solve non-linear ordinary differential equations 
(14-16) with appropriate boundary conditions (17). A set 
of non-linear ordinary differential equations are obtained 
in the form of third order, F second order, θ and ϕ. The 
reduction of above non-linear differential equations leads 
to simultaneous equations. Moreover, the values of f ', F, θ, 
ϕ are presented when η → ∞. With the help of these end 
conditions, the unknown initial conditions at η → 0 using 
shooting technique. In the shooting method, the boundary 
value problems are reduced into to an initial value prob-
lem by assuming initial values. The calculation of boundary 
value should match with the real boundary value as pos-
sible. The most important step is to select the appropriate 
finite value of boundary condition far field. We presented 
infinity condition at a large but finite value of η, there is 
no variation in velocity, angular velocity, temperature, and 
concentration. We computed a maximum value of η = 5 
which is sufficient to get the target of far-field boundary 
conditions asymptotically for all values of nondimensional 
parameters considered.

Introducing new variables for the conversion of higher 
order to linear differential equation.
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The equations (14)-(17) are transformed to following 
first order ODE.
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The approximate solutions are numerically resulted 
using MATLAB bvp4c programming to present the physi-
cal significance of non-dimensional parameters.

RESULTS AND DISCUSSION

In this research study, higher-order chemical reaction 
of order impact on three space coordinate nanofluid flow 
investigated numerically. To obtain the result, we employed 
a numerical scheme Runge-Kutta method using MATLAB 
software bvp4c. Calculations are put out for the fixed values 
(γf = 2, N = 2, Pr = 0.7, M = 1, Sc = 2, δ = 2, Nt = 2, Nb = 2, 
n = 1, Da = 1) of Brownian motion parameter Nb, magnetic 
parameter M, Darcy number Da, buoyancy parameter N, 
thermophoresis parameter Nt, chemical reaction param-
eter δ, n represents process of chemical reaction with order 
and variable viscosity range γf, Prandtl number Pr, Schmidt 
number Sc analyzed and physical interpretation of dimen-
sionless numbers graphically.

Firstly, we investigated the effect of magnetic param-
eter M versus f '(η), F’(η), θ(η) and φ(η). The effects of the 
magnetic parameter are displayed graphically in Figures 2 
(a-d). It is visualized that the curves of both f ’(η), F’(η) are 
decay with enhance of magnetic parameter M in Figures 
2 (a-b). Further Figures 2 (c) and 2 (d) present a reverse 
effect on the θ(η) and φ(η). We noticed that the strength of 
the magnetic parameter M induces a force named Lorentz 
force. This resistive force opposes the governing flow which 
tends to slow down the nanofluid flow. Thus, the effect of M 
decreases the nanofluid velocity, nanofluid angular velocity, 
and also causes enhance in temperature and concentration 
distributions. This impact is summarized magnetic param-
eter ranging from 0 to 2. If variable viscosity influence is 
more or the magnetic parameter range increase, the curves 
are not in a proper manner.

The influence of thermophoretic force, heat trans-
fer on nanofluid flow, and mass transfer on nanofluid is 
presented in Figures 3 (a-b). It is noteworthy that tem-
perature increases with an increase in Nt and its related 
boundary layer thickness. Large values of the thermopho-
resis parameter provide more heat to the nanofluid leads 
to a decline in a concentration gradient. If the viscosity 
level increases along with more heated, then the governing 
flow is not in order in both temperature and concentration 
profiles. 
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Figures 4(a) and 4(b) represent the physical signifi-
cance of Brownian motion on nanofluid temperature 
and nanofluid concentration profiles. We examine from 
the figure that the θ associated nanofluid thermal level is 
increased when Nb enhances. The concentration φ and the 
associated nanofluid species level also enhances when the 
Brownian motion parameter increases due to the influence 
of chemical reaction. The influence of the order of chemi-
cal reaction with Brownian motion, the collision between 
nanoparticles and random motion exhibit concentration 
gradient decline.

The impact of Darcy number Da on velocity and angu-
lar velocity profiles is plotted in Figures 5(a) and 5(b). It is 
evident that the larger values of Da cause enhance in both 
f ' and F' distribution. The viscous in the nanofluid motion 
causes both profiles to enhance when increasing Darcy 
parameter value in the governing flow.

The effects of variable viscosity parameter γf on f ' and F' 
can be demonstrated in Figures 6(a) and 6(b). It is antici-
pated by these figures that velocity distribution diminishes 
near the nanofluid boundary layer and enhances far away 
from the nanofluid boundary layer. The opposite behavior 

Figure 2(a). Effects of magnetic parameter on velocity 
profile.

Figure 2(b). Effects of magnetic parameter on temperature 
profile.

Figure 2(c). Effects of magnetic parameter on concentration 
profile.

Figure 2(d). Effects of Magnetic parameter on angular 
velocity profile.
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The effect of the Prandtl number is shown in Figurees 8 
(a) and 8 (b). The dimensionless number Prandtl is related
to viscous diffusion rate and thermal diffusion, the larger
value of Prandtl enhances the temperature gradient and
reduces the concentration gradient which is at a distance
away from the nanofluid boundary layer.

The impact of Sc on mass transfer profile is displayed in 
Figure 9. The physical significance of Sc is the ratio of dif-
fusion of mass and kinematic viscosity. The domination of 
kinematic viscosity in the governing nanofluid flow plays a 
significant effect on the increasing function of the Schmidt 

in the governing angular velocity gradient due to the influ-
ence of pressure gradient and viscosity associated dimen-
sionless number Darcy effect in the governing nanofluid 
flow region.

Figure 7 demonstrates the behaviour of the nanofluid 
concentration profile on the dimensionless number homo-
geneous process of reaction chemically. The species con-
centration of nanofluid is a decreasing function of δ. The 
random nanofluid motion of Brownian with the processing 
of homogeneous chemical reaction provides a diminishing 
concentration gradient.

Figure 3(a). Effects of Darcy number on velocity profile. Figure 3(b). Effects of Darcy number on angular velocity 
profile.

Figure 4(a). Effects of variable viscosity on velocity profile. Figure 4(b). Effects of variable viscosity on angular viscosity 
profile.
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[41], Gopal et al. [42]. Here seen an excellent agreement 
between these results.

The numerical values are presented for various values 
of dimensionless numbers as a function of Prandtl num-
ber, which are closed to the published journals. The error is 
very minor. Also, Table 2 deals with differences of Nusselt 
number and Sherwood number with various values of γf, 
M, Da, N, Nt, Nb, δ and Sc. It is clear that the Nusselt num-
ber increasing with encouraged values of γf, M, Da, Nb, δ, 

number. Thus, we observed a decline in the concentration 
gradient.

The order of homogeneous chemical reaction parameter 
governs the nanofluid flow is shown in Figure 10. The mass 
transfer increases when chemical processing in increasing 
level with the order. The physical interpretation of the ran-
dom motion of fluid and chemical processing.

Table 1 illustrates that the comparison of the present 
results with those reported by Zaimi et al. [40], Yasin et al. 

Figure 5(a). Effects of Thermophoresis parameter on 
temperature profile.

Figure 5(b). Effects of thermophoresis parameter on 
concentration profile.

Figure 6(a). Effects of Brownian motion in temperature 
profile.

Figure 6(b). Effects of Brownian motion in concentration 
profile.
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Figure7. Effects of chemical reaction parameter in 
concentration profile.

Figure 8(a). Effects of Prandtl number on temperature 
profile.

Figure 8(b). Effects of Prandtl number on concentration 
profile. Figure 9. Effects of Schmidt number on concentration 

profile.

Figure 10. Effects of order of chemical reaction parameter 
on concentration profile.

Table 1. Comparison with previous published data for the 
values of −θ'(0) when γf = 0.1, M = 2, Da = 0.3, N = 0.1, Nt 
= 0.3, Nb = 0.8, Sc = 0.66 and δ → ∞

Pr 0.72 1 3 5
Zaimi et al. [40] 0.463145 0.581977 1.165246 -
Yasin et al. [41] 0.4631 0.5820 1.1652 1.5681
Gopal et al. [42] 0.463254 0.581983 1.165253 1.568063
Present 0.463263 0.581842 1.165192 1.567915

Sc and rest of parameters are buoyancy parameter (N) and 
thermophoresis parameters (Nt) opposite behaviour exist. 
On the other hand, magnetic, thermophoresis, Brownian 
motion parameters and Darcy number are enhancing 
Sherwood number and rest of parameters are opposite 
behavior exist.
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CONCLUSION

In the present investigation, we studied three-dimen-
sional nanofluid on heated vertical surfaces, MHD stagna-
tion point flow with variable viscosity in the governing fluid 
flow where nanoparticles are suspended in it. The impact of 
the higher-order chemical reaction is observed. The numer-
ical results are obtained by reducing governing equations 
into coupled nonlinear mathematical ordinary differential 
equations with similarity transformations. The numerical 
results have been reported for the geometrical model under 
the influence of variable viscosity parameter, Brownian 
motion parameter, Darcy number, thermophoresis param-
eter, Schmidt number, dimensionless Prandtl number, and 
dimensionless chemical reaction parameter. The physical 
significance of these parameters is given numerically by 
using the R-K method and presented graphically with the 
aid of MATLAB software bvp4c.

• The significant effect more in velocity profile and
angular velocity profile for the increment of Darcy
number and whereas declined by Magnetic parameter. 

• Brownian motion parameter, Magnetic parameter,
and thermophoresis parameter and enhance tem-
perature in fluid flow due to that temperature profile
increases

• The concentration profile enhances with an incre-
ment of Brownian motion parameter, range of
chemical processing with order, and magnetic
parameter. The declining trend is observed in the
boundary layer species profile for the insight of
the parameters such as thermophoresis parameter,
Schmidt number, Prandtl number, and chemical
reaction parameter.

• The Nusselt number enhances with dimensionless
parameters γf , M, Da, Nb, δ, Sc except (N) and (Nt).

Table 2. Variants in Nusselt number and Sherwood number for various values of γf = 0.5, M = 2, Da = 0.3, N = 0.1, Nt = 
0.3, Nb = 0.8, δ = 0.5, Sc = 0.6.

γf M Da N Nt Nb δ Sc − ′( )a

f

ρ
µ

θ 0 − ′( )a

f

ρ
µ

ϕ 0

-0.5 2.0 0.3 0.1 0.3 0.8 0.6 0.4 0.019953 8.915563
0.0 0.748988 5.028091
0.5 0.996884 4.053773

0.5 0.766466 2.610498
1.5 0.931372 3.653716
2.5 0.987861 5.809726

1.0 0.179721 5.990796
2.0 0.360588 6.601553
5.0 0.465598 6.826009

0.1 1.085478 4.109033
0.4 0.557416 4.109033
0.9 0.095219 4.109033

0.6 0.864902 16.250231
1.2 0.838678 21.485467
1.8 0.803155 28.270380

0.8 0.857340 17.844717
1.6 1.003571 29.783310
2.5 1.173758 55.715972

0.4 0.869876 14.149107
1.4 0.872763 14.065691
2.4 0.890472 14.030153

1.0 0.843848 14.467089
2.0 0.846561 14.428440
4.0 0.856025 14.306650
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• The growth of Sherwood number is noticed in mag-
netic, thermophoresis, Brownian motion parameters
and Darcy number.

• Prandtl number escalates the temperature distribu-
tion, therefore increases the thermal boundary layer
thickness.

• The numerical data is listed for different values of
dimensionless numbers as a function of Prandtl num-
ber, which ensure good agreement to the published
journals.

NOMENCLATURE

u, v, w : Velocity components in directions (m/s) 
x, y, z : Space coordinates (m)
B0 : Uniform magnetic field (Tesla)
T : Temperature of fluid (K)
Tw : Temperature at the surface (K)
T∞ : Ambient temperature (K)
C : Concentration of fluid (kg/m3)
Cw : Concentration at the surface (kg/m3)
C∞ : Ambient concentration (kg/m3)
DB : Brownian diffusion coefficient
DT : Thermophoresis diffusion coefficient
Uw : Stretching sheet velocity (m/s)
g : Gravity (m/s2)
ρ : Fluid density (kg/m3)
p : Nanofluid pressure
α* : Thermal diffusivity Coefficient (m2/s)
α : Thermal energy 
f : Dimensionless stream function
Nb : Brownian motion parameter
Nt : Thermophoresis parameter
σ : Electrical conductivity of the fluid (m/s)
Sr : Soret number 
δ : Chemical reaction coefficient 
Cp : Specific heat at constant pressure (J/kg K)
Ec : Eckert number
Pr : Prandtl number
Nu : Local Nusselt number
Sh : Sherwood number
Re : Local Reynolds number 
qw : Surface heat flux 
μ : Dynamic viscosity (N/m2)
μ0 : Zero shear viscosity (s-1)
μ∞ : Infinite shear viscosity (s-1)
v : Kinematic viscosity (m2/s)
μ : Dynamic viscosity (N s/m2)
ψ : Stream function
F, f : Dimensionless nanofluid velocity

θ : Dimensionless nanofluid temperature
ϕ :  Dimensionless nanofluid concentration function 
η : Dimensionless similarity variable

Subscripts
∞ : Ambient condition
w : Condition on surface

Superscript
' : Differentiation with respect to η
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